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ON POINTED HOPF ALGEBRAS ASSOCIATED 
WITH THE MATHIEU SIMPLE GROUPS 

Q , FERNANDO FANTINO 

O 

^ ^ ' Abstract. Let G be a Mathieu simple group, s € G, Os the conjugacy 

class of s and p an irreducible representation of the centralizer of s. We 
prove that either the Nichols algebra 23 (Os, p) is infinite-dimensional or 

V^ ' the braiding of the Yetter-Drinfeld module M(Os,p) is negative. We 

also show that if G = M22 or M24, then the group algebra of G is 
the only (up to isomorphisms) finite-dimensional complex pointed Hopf 

•^L ' algebra with group-likes isomorphic to G. 

(^ ■ Introduction 

This article contributes to the classification of finite-diniensional com- 
plex pointed Hopf algebras H whose group of group-like elements G{H) is 
isomorphic to a Mathieu simple group: Mn, M12, M22, M23 or M24. 

^S| ' The crucial step, in order to classify finite-dimensional complex pointed 

■^ . Hopf algebras with a fixed G{H) = G, is to determine when a Nichols algebra 

of a Yetter-Drinfeld module over G is finite-dimensional - see |AS2| . 

The irreducible Yetter-Drinfeld modules over G are determined by a con- 
jugacy class O of G and an irreducible representation p of the centralizer G^ 

f~^ I of a fixed s £ O. Let M(0,p) be the corresponding Yetter-Drinfeld module 

^D ■ and let ^{0,p) denote its Nichols algebra. 

The classification of finite-dimension Nichols algebras over an abelian 
group G follows from [ASH IHH IH2j ; this leads to substantial classification 
results of pointed Hopf algebras H with abelian G{H) - see |AS3j . The next 

5^ I problem is to discard irreducible Yetter-Drinfeld modules over a finite non- 

abelian group containing a braided vector subspace with infinite-dimensional 
Nichols algebra. It is natural to begin by simple or almost simple groups; see 
[XZIIXFTIIXMIXFZ] . for A„ or S„; [EW] for GL(2,F<;) or SL(2,Fg); and 
[FV] for PGL(2,Fg) or PSL(2,F<y). We plan to consider the other sporadic 
groups in |AFGVj . 

Let us say that M{0, p) has negative braiding if the Nichols algebra of any 
braided subspace corresponding to an abelian subrack is (twist-equivalent 
to) an exterior algebra. 
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G 


J 


«i 


Centralizer 


Representation 


dimM(a,,p) 


Afii 


4 


4 


{x) ~ Zg, x*^ = S4 


zy2(x) := i 


990 


uq{x) := -i 


6 


8 


(Sg) ^ ^8 


X(-i) 


990 


7 


8 


(57) - ^8 


X(-i) 


990 


Mi2 


13 


10 


(.S13) ~ Zio 


X(-i) 


9504 


M23 


12 


14 


(S12) ~ Zi4 


X(-i) 


728640 


13 


14 


(sis) ~ Zi4 


X(-i) 


728640 



Table 1. Cases of negative braiding 



We summarize the investigation in this paper in the next statement. 

Theorem 1. Let G be a Mathieu simple group, s £ G, Os the conjugacy 
class of s and p G G^ . //dim*B(Os,p) < cxd, then {Os,p) is one of the pairs 
listed in TableUl In particular, any finite- dimensional complex pointed Hopf 
algebra H with G{H) ~ M22 or M24 is necessarily isomorphic to the group 
algebras CA/22 or CM24, respectively. 

The proof of the theorem, as weh as the unexplained notation, is con- 
tained in sections [2] and [3l In Section [H we set some notations and collect 
preliminary results needed in the sequel. 

We use GAP [S] to compute the character tables and other computa- 
tions, such as representatives of conjugacy classes, intersections between 
centralizers and conjugacy classes, etc. These computations are available at 
http://www.mate.uncor.edu/~fantino/GAP/niathieu.htm. In main body 
of the paper the phrase "we compute" means that we have performed the 
computations with the computational algebra system mentioned above. 

0.1. Notations. We will follow the conventions in |AZ1 lAFl] . We denote 
by G the set of isomorphism classes of irreducible representations of a finite 
group G. We will use the rack notation x> y := xyx~^ . We denote by G„ 
the group of n-th roots of 1 in C and lj„ := e " , where i = y— 1. The 
representation of the cyclic group Z2n = ([1]) corresponding to /j([l]) = 
ijj2n = —1 will be denoted by X(-i)- 

For s G G we denote by Og (resp. G^) the conjugacy class (resp. the 
centralizer) of s in G. For y € G'^, we denote the conjugacy class of y in 
the group G^ by Oy . Also, for k, with 1 < k < |G*|, we denote the A;-th 
conjugacy class of G^ by O^'- 

In the character tables, that we give in Section [21 we include the following 
information: the first row enumerates the conjugacy classes of the group with 
the parameter j, the second row gives the order \sj\ of a representative of 
each conjugacy class, the third row give the order of the centralizer G"^ of Sj 
in the corresponding Mathieu simple group. Notice that if all the numbers in 
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the column corresponding to Sj are real, then Sj is real, i. e. sj G Ogj ■ For 
simplicity we will omit the cardinal of the conjugacy classes and the order 
of the centralizers in some character tables. Also, for a complex number z 
we denote the complex conjugate of z by z' (and not z) for a better reading 
of the tables. 



1. Preliminaries 

1.1. Yetter-Drinfeld modules over a finite group. We recall that the 
irreducible Yetter-Drinfeld module M{0, p), with O a conjugacy class of G 
and p = {p,V) in G^, for a fixed element s E O, is described as follows. 
Let (Ti, . . . , (Tat be a numeration of O and let qj G G such that Qj > s = Gj 
for ah 1 < i < iV. Then M{0,p) = ®i<j<n gj V. We will write gjV := 
Qj (^v £ M{0,p), 1 < j < N, V £V. If V e V and 1 < j < A^, then the 
action of (7 G G is given by g ■ (gjv) = gi{'y ■ v), where ggj = (7/7, for some 
1 < I < N and 7 S G*, and the coaction is given by S{gjv) = aj gjV. The 
Yetter-Drinfeld module M{0,p) is a braided vector space with braiding 

c{gjV (g) Qkw) = aj ■ {gkw) (g) gjV = gi{-f ■ w) (S> gjV, (1.1) 

for any l<j,k<N,v,w£V, where (Jjgk = gij for unique /, 1 < ^ < A^ 
and 7 E G^. Since s E Z{G^), the center of the group G*, the Schur Lemma 
implies that 

s acts by a scalar Qss on y. (1-2) 

A braided vector space {W, c) is of diagonal type if there exists a basis 
wi,...,wgofW and non-zero scalars qij, 1 < i,j < 9, such that c{wi®Wj) = 
QijWj ® Wi, for all 1 < i,j < 6- The generalized Dynkin diagram associated 
with (W, c) of diagonal type as above is the diagram with vertices {1, . . . ,9}, 
where the vertex i is labelled by qa, and if qtjQji 7^ 1, then the vertices i and 
j are joined by an edge labelled by qijQji, i. e. 

(Hi *J^J^ qjj 



•- 



see |H2j . A braided vector space {W,c) of diagonal type is of Cartan type 
if qij is a root of 1 for all i, j, 1 < i,j < 9, qa ^ 1 for all i, 1 < i < 9, and 
there exists aij £ Z, with —ordqu < aij < 0, such that qijqji = Qj/^ for all 
f<i^3<9- see jASlj . Set an = 2 for all 1 < i < 9. Then {0'ij)i<i,j<e is 
a generalized Cartan matrix. 

1.2. Tools. We state the principal tools that we will use in Section [2l 

Lemma 1.1. [AZl Remark 1.1]. Let (VF, c) he a braided vector space, U 
a subspace of W such that c(U ®U) = U®U. If dim5S(C/) = 00, then 
dim<B(VF) = 00. D 
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This result implies that if Ojd is the conjugacy class of the identity element 
of G and p £ G, then dim*B(Oid,p) = oo. Thus, we omit to consider this 
conjugacy class in the proofs of the Theorems 12.11 12.31 12.51 12.71 and 12. 9i 



Theorem 1.2. [Hll Th. 4], see also [JSTl Th. 1.1]. Let {W,c) be a braided 
vector space of Cartan type. Then dim5S(VF) < oo if and only if the Cartan 
matrix is of finite type. D 

We say that s G G is real if it is conjugate to s~^; if s is real, then the 
conjugacy class of s is also said to be real. 

Lemma 1.3. If s is real and dim 53(03, p) < oo, then qss = —1. □ 

If s~^ 7^ s, this is \AZ\ Lemma 2.2]; if s^ = id, then qss = ±1, but Qss = 1 
is excluded by Lemma II. li Notice that qss = — 1 implies that s has even 
order. The following is a generalization of Lemma 11.31 See |AF21 Lemmata 
1.8 and 1.9] or [FGVl Corollary 2.2]. 

Lemma 1.4. Let G be a finite group, s £ G, O the conjugacy class of s and 
p = {p,V) e G^ such that dim 03(0, p) < oo. Assume that there exists an 
integer k such that s'' £ O and s^ ^ s. 

(a) If degp > 1, then qss = — 1- 

(b) If degp = 1, then either qss = —1 or qss G G3 — 1. 

On the other hand, if s 7^ s, then qss = —1. □ 

The next important tool follows from |H2j . 



Lemma 1.5. Let W be a Yetter-Drinfeld module, U Q W a braided vector 
subspace of diagonal type of W such that qa is a root of 1 for all i, and let 
Q be the generalized Dynkin diagram, corresponding to U . If Q contains an 
r- cycle with r > 3, or a vertex with valency greater than 3, then the Nichols 
algebra 5S(f/) is infinite- dimensional. Hence, dim!B(M^) = 00. D 

Abelian subspaces of a braided vector space. As in |AFll ET2] . in 

a first step we look for braided subspaces W of diagonal type of M{0,p) 
whose Nichols algebra is infinite-dimensional. 

Let {X,]>) be a rack, see for example |AGj . Let q : X x X ^t <C.^ be a 
rack 2-cocycle and let (CX, Cq) be the associated braided vector space, that 
is CX is a vector space with a basis Cfc, k £ X, and Cq{ek®ei) = qk,iek>i^^k, 
for all k, I £ X. Let us say that a subrack T of X is abelian if k>l = I for 
all k, I £ T. If T is an abelian subrack of X then CT is a braided vector 
subspace of {CX, Cg) of diagonal type. 

We shall say that {CX,Cq) is negative if for any abelian subrack T of X 
Qkk = ~1 ^-nd qkiQik = 1 for all k,l £T (hence iB(CT) is twist-equivalent to 
an exterior algebra and dimQ3(CT) = 2'^ ). 
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Let G be a finite group, O a conjugacy class in G, p £ C^, with s £ O 
fixed. As in subsection II. H we fix a numeration ai = s, . . . , aj\f of O and 
Qk & G such that gk > s = ak for all 1 < A; < A^. Let / C {1, . . . , N} and 
T := {(Ik '■ k E /}. We characterize when T is an abelian subrack of O. Let 

ik,i ■■= gf^f^kgi, k, I £ I. (1.3) 

Then the following are equivalent: 

(a) (Tfc >ai = ai (i. e. ak and ai commute) and (b) 'jk^i G G*. 

Assume that (a) (or, equivalently, (b)) holds for all k, I £ I; then 'jk^i £ OgCi 
G^. Let V be the vector space affording p. Let vi, . . . ,vji be simultaneous 
eigenvectors of 7^^;, k, I £ I. Because of (jl.ip . we have that 

W = C — span of gkVj, k£l,l<j<R, 

is a braided subspace of diagonal type of dimension R card T. Notice that 
R depends not only on T but also on the representation p; for instance if p 
is a character then R = 1 = dimy, and M(0, p) is of rack type. 

Lemma 1.6. Assume that ak, cti £ O commute and degp = 1. Then the 
scalar p{'yk,i) does not depend on gk and gi. 

Proof. Let gk, gi £ G such that gk>s = ak and gi>s = ai. Thus, gk = gkVk 
and gi = girji, with rjk, r]i £ G\ If we cah 7^^ := gi'^gk s gk'^gi, then 

'ik,i = C^ ar^^kgi m = ??;~^ 7fc,« m- 

Hence, /^(t^O = p{m)~^ p{lk,i)p{m) = PilKi), since deg/3 = 1. D 

Li view of this result, we can choose gi = id, the identity of the group G. 

Remark 1.7. If degp = 1, then the condition of negative braiding is equiva- 
lent to (i) p(7fc,fc) = -1 and 

(ii) for every commuting pair ak, cri £ O, it holds p{'~fk,ni,k) = 1- 

The next result is useful in order to prove that M[0,p) has negative 
braiding when p is an one-dimensional representation. 

Lemma 1.8. The condition (ii) given above is equivalent to 

(ii)' for every at £ O r\ G^ , it holds p(7i,t7t,i) = 1- 

Proof. Obviously, (ii) implies (ii)'. Reciprocally, assume that (ii)' holds. Let 
ak, ai £ O that commute. Then, 'yk,l = 9r^9ksg^^gi, %k = Qk^gisgY^Qk 
are in O n G^. Hence, ^k,i = <^t, for some 1 < t < A^. By Lemma II. 6^ 
p{lk,ai,k) = P{li,tlt,i), and the result follows. D 
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1.3. Criterions from non-abelian subracks. We will mention here some 
criterions that allow to decide the dimension of the Nichols algebra 53(0, p) 
using non-abelian subracks of O. These criterions were developed in |AF3] 
using important results of |AHSj . 

Let p > 1 be an integer. A family (o"j)iGZp of distinct elements of a group 
G is of type Dp if ctj t> gj = a2i-j, i,j G Zp. Let (o-j)jGZp and (rj)jgZp be 
two families of type Dp in G, such that ai ^ tj for all i,j E Zp, we say that 

(cr,T) := (o-j)jgZp U (Ti)igZp is of type V\, if 

Ui Tj = T2i-j, Ti > Gj = a2i-j, l, j G Zp. (1.4) 

Lemma 1.9. |AF3l Cor. 2.9] Let p be an odd prime, {ai)i^Zp o- family of 
type Dp in a finite group G and p £ G°''^ . If there exists k, such that (Tq G O, 
the conjugacy class of uq, and Qaoao = ~1) then dimiB(0,p) =00. D 

Let of be the conjugacy class of the 4-cycles in the symmetric group 
S4. We will say that a family (o"i)i<i<6 of distinct elements of a group G 
is of type O if (crj)i<j<6 form a rack isomorphic to Of. We call such a rack 
an octahedral rack. Let o'i, Ti £ G, 1 < i < 6, all distinct; we say that 
{a, t) := {ai)i U (rj)j is of type O^"^' if ((t.j).j and (tj)j are both of type D, and 

ai > Tj = Ti^j, Ti > aj = o-jt>j, 1 < i,i < 6, (1.5) 

where i> in the subindex denotes the operation of rack in the octahedral rack. 
We state the main tool from this non-abelian rack - see |AF31 Th. 4.11]. 

Lemma 1.10. Let G he a finite group, (o"j)i U (tj)j a family of type D'^' 
in O the conjugacy class of ai, and g £ G such that g > o'l = ti. Let 
p = (p, V) G C^i with Qaiai = — 1- If there exist v, w £ V — such that 

p{aQ)v = -V, p{g'^CFig)w = -w, 

p{ti)v = -V, p{g'^aQg)w = -w, 

then dim T: {O, p) = 00. D 

The following is a useful consequence of this result. 

Lemma 1.11. jAF3t Cor. 4.12] Let G be a finite group, (o"j)jU(rj)j a family 
of type D^^) in O the conjugacy class of ai, and p £ G^^ , with Qa^ai = — 1- 
If aQ = af and Ti = af, then dim 58(0, p) = co. D 

2. Using techniques based on abelian subracks 

In this section, we will determine the irreducible Yetter-Drinfeld modules 
M{0,p) with dim 58(0, p) = 00 by mean of abelian subracks of O. We will 
consider each simple Mathieu group separately. 
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1 


2 


3 


4 


5 


6 


7 


8 


9 


10 


Si 


1 


11 


11 


4 


2 


8 


8 


3 


5 


6 


G'j 


7920 


11 


11 


8 


48 


8 


8 


18 


5 


6 


o., 


1 


720 


720 


990 


165 


990 


990 


440 


1584 


1320 


Xi 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


X2 


10 


-1 


-1 


2 


2 








1 





-1 


X3 


10 


-1 


-1 





-2 


B 


B' 


1 





1 


X4 


10 


-1 


-1 





-2 


B' 


B 


1 





1 


X5 


11 








-1 


3 


-1 


-1 


2 


1 





X6 


16 


A 


A' 














-2 


1 





Xl 


16 


A' 


A 














-2 


1 





X8 


44 











4 








-1 


-1 


1 


X9 


45 


1 


1 


1 


-3 


-1 


-1 











Xio 


55 








-1 


-1 


1 


1 


1 





-1 



Table 2. Character table of Mn. 



2.1. The group Mn. The Mathieu simple group Mn can be given as a 
subgroup of §11 in the following form 

Mil := ( (1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11), (3, 7, 11, 8)(4, 10, 5, 6) ). 

In Table [21 we show the character table of Mn, where A = (—1 — i\/lT)/2, 
B = i\pl. We take the following elements to be the representatives of the 
conjugacy classes of M\\: 



s\ 

S3 



id, S2 

(1,7,8,5,3,2,9,10,11,4,6), s^ 

(1,2)(4,10)(5,6)(7,8), S6 

(1,10,11,5,7,3,4,6)(8,9), sg 

(1,2,3,4,8)(5,10,7,11,6), sio 



(1,9,7,10,8,11,5,4,3,6,2), 

(1,8,2,7)(4,6,10,5), 

(1,3,11,6,7,10,4,5)(8,9), 

(1,6,4)(2,9,7)(8,11,10), 

(1,5,8,4,6,9)(2,10,3)(7,11) 



In the following statement, we summarize our study by mean of abelian 
subracks in the group M\\. 

Theorem 2.1. Let p G ^li, with 1 < j < 10. The braiding is negative 
in the cases j = 4, with p = 1^2 or vq, j = 6, 7 and 10, with p = X(-i)- 
Otherwise, diui^{Osj, p) = 00. 

Proof. From Table El we see that for j = 4, 5, 8, 9 and 10, Sj is real. 

CASE: j = 8, 9. By Lemma[L3l dim 55(0,^,/)) = 00, for all p £ M^l. 

CASE: j = 2, 3. We compute that sj and s'j are in Og^, and sj / sj. By 
Lemma [L^ dim 03 (0^^.,^) = 00, for all p £ M^[, since \sj\ = 11. 
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CASE: j = 4. The element S4 is real and we compute that 

Mi^i* = (x:=(l,4,7,5,2,10,8,6)(3,ll)) ~ Zg, 

with x^ = S4. We set M^^ = {uq, . . . ,2^7}, where fz(x) := ujg, < I < 7. 
Clearly, if / = 0, 1, 4, 5 or 7, then qs4S4 / — Ij and dim*B(Os4> '^O = 00, by 
Lemma 11.31 The remained two cases correspond to / = 2, 6. We compute 
that Os4 n M-^j* = {s4, sj }. It is easy to see that the braiding is negative. 
CASE: j = 6 or 7. We compute that M^i = (sj) ~ Zg, s| is in O^^.. Since 
3 does not divide \sj\ = 8 we have that if Qs s ¥" ~1) then dim53(C's.,/9) = 
00, by Lemma 11.41 The remained case corresponds to p{sj) = uj^ = — 1, 
which satisfies qsjsj = —1- We compute that Os^ n M-^( = {ajjaj}. It is 
straightforward to prove that the braiding is negative. 

CASE: j = 10. The element siq is real and we compute that M^l° = 
(sio) ~ Zg. Now, we have that if Qsiosw / —1, then diin^{OsiQ, p) = 00, 
by Lemma 11.31 The remained case corresponds to /o(sio) = '^l ~ "-'-' which 
satisfies Qsiosio — ~^- We compute that Os^o n A/{*"' = {sio,s5~o }• Then the 
braiding is negative. 

CASE: j = 5. We compute that M^^ is a non-abelian group of order 48, 
whose character table is given by Table [3l 

For every A;, 1 < A; < 8, we call pk = {pk, Vk) the irreducible representation 
of M^^ whose character is /ifc. From Table El we can deduce that if A: / 4, 
5, 8, then Qs^ss / —1 and dim.^{Os^, Pk) = co, by Lemma [L3l 

On the other hand, if A; = 4, 5 or 8, then Qs^ss = ~1- For these three cases 
we will prove that dim 03(0^5, p^) = 00. First, we compute that O^g n M^^ 
has 13 elements and it contains cJi := S5, cr2 := (4, 10)(5, 8)(6, 7)(9, 11) and 
(Ts := (1, 2)(5, 7)(6, 8)(9, 11). Notice that these elements commute each other 
and a2crs = S5. Also, we compute that a2, cr^ ^ O2 ^^ - see Subsection lO.il 
Now, we choose gi := id, 

<72:=(1,9)(2,11)(4,10)(5,7) and 53 := (1, 2)(4,9)(6, 7)(10, 11). 
These elements are in Mn and they satisfy 

crigi = 510-1, 0-152 = 520-2, 0-153 = 530-3, (2.1) 

0-251 = 510-2, 0-252 = 520-1, 0-253 = 530-2, (2.2) 

0-351 = 510-3, 0-352 = 520-3, 0-353 = 530-1. (2.3) 

Assume that A; = 4. Since ai, 0-2 and 0-3 commute there exists a basis 
{^1,^2} of V4, the vector space affording p^, composed by simultaneous 
eigenvectors of ^4(0-1), /04(o-2) and pliers). Let us say P4{cr2)vi = Xivi and 
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4 


5 


6 


7 


8 


\yk\ 


1 


2 


3 


2 


6 


4 


8 


8 


icy"] 


48 


4 


6 


48 


6 


8 


8 


8 


\OyJ 


1 


12 


8 


1 


8 


6 


6 


6 


fj'i 


1 


1 




1 




1 


1 


1 


fJ'2 


1 


-1 




1 




1 


-1 


-1 


IJ-3 


2 





-1 


2 


-1 


2 








//4 


2 





-1 


-2 







iV2 


-iV2 


At5 


2 





-1 


-2 







-iV2 


^^/2 


/^6 


3 


-1 





3 





-1 


1 


1 


/^7 


3 


1 





3 





-1 


-1 


-1 


/^8 


4 





1 


-4 


-1 












Table 3. Character table of M^l. 



Pi{(J3)vi = Kivi, I = 1, 2. Notice that A;, k; = ±1, / = 1, 2, due to 
I (72 1 = 2 = |o"3|. Moreover, since cr2(T3 = S5 we have that Xim = —1, / = 1, 
2. From Table [3l we can deduce that Ai + A2 = because cr2 € ©2 " ^^"^ 
//4(C'2 " ) = 0. Reordering the basis we can suppose that Ai = 1 = — A2. 
We define W := C - span of {givi,g2V2,g3V2}. Hence, VF is a braided 
vector subspace of M{Os^,p) of Cartan type. Indeed, it is straightforward 
to compute that the matrix of coefficients Q is 

-1 -1 1 



(2.4) 



1 -1 1 
-1 -1 -1^ 

The corresponding Cartan matrix is given by 

/2 -1 -1' 
^= -1 2 -1 I . (2.5) 

\-l -1 2 

By Theorem II. 2 1 dim 03(0^5, /34) = 00. 

The case A; = 5 is analogous to the case k = 4 because ^1^(02'^^ ) = 0. 

Finally, the case k = 8 can be reduced to the previous cases. Indeed, since 
(Ti, (72 and as commute there exists a basis {vi,V2,V3,V4} of Vg, the vector 
space affording pg, composed by simultaneous eigenvectors of psio'i), /38(c2) 
and psicfs). Let us say p%[(T2)vi = Xivi and ps[(ys)vi = k/V/, 1 < / < 4, where 



,m; 
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A;, Ki = ±1, 1 < / < 4, due to |cr2| = 2 = {a^l- From TableEl we can deduce 
that Ai + A2 + A3 + A4 = = Ki + K2 + K3 + K4 because fJ.s{02 " ) = 0. This 
implies that there exist r, t £ {1,2,3,4} such that A,. = 1 = — A^. Now, if 
we define W := C - span of {5ifr,52^ti53^t}i then VF is a braided vector 
subspace of M{Os^,p) of Cartan type, with Cartan matrix given by (j2.5p . 
Therefore, dim!B(Os5>P8) = 00. D 

Remark 2.2. The group M^f has 9 conjugacy classes. So, we can point out 
the following fact: there are 84 possible pairs {0,p) for Mn; 79 of them 
have infinite-dimensional Nichols algebras, and 5 have negative braiding. 

2.2. The group M12. The Mathieu simple group M12 can be given as a 
subgroup of §12 in the following form 

M12 := ( (1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11), (3, 7, 11, 8)(4, 10, 5, 6), 
(1,12)(2,11)(3,6)(4,8)(5,9)(7,10)). 

In Table m we show the character table of M12, with A = (—1 — i\/ll)/2. 
We take the following elements to be the representatives of the conjugacy 
classes of M12: si := id, 

S2 := (1, 8, 12)(2, 3, 11, 9, 10, 6)(4, 5), S3 := (1, 12, 8)(2, 11, 10)(3, 9, 6), 

S4 := (2, 9)(3, 10)(4, 5)(6, 11), S5 := (1, 12, 7, 4)(2, 9, 10, 5, 11, 3, 6, 8), 

S6 := (1, 7)(2, 10, 11, 6)(3, 8, 9, 5)(4, 12), sr := (1, 9, 4, 2, 11, 8)(3, 10, 12, 5, 6, 7), 

S8 := (1, 4, 11)(2, 8, 9)(3, 12, 6)(5, 7, 10), sg := (1, 2)(3, 5)(4, 8)(6, 10)(7, 12)(9, 11), 

sio := (1, 7, 2, 6, 5)(3, 9, 12, 10, 11), sn := (2, 10, 6, 4, 12, 5, 7, 3, 8, 11, 9), 

S12 := (2,6,12,7,8,9,10,4,5,3,11), S13 := (1, 2, 7, 10, 5, 6, 8, 12, 9, 4)(3, 11), 

si4 := (1,10, 11,8,4,5, 12,3)(6,9), S15 := (1, 11,4, 12)(3, 10, 8, 5). 

In the following statement, we summarize our study by mean of abelian 
subracks in the group M12. 

Theorem 2.3. Let p £ M^2! with 1 < j < 15. The braiding is negative in 
the cases j = 2, 5, 13 and 14, with p = X(_i)- Otherwise, dim 55 (0^.,^) = 00. 

Proof. CASE: j = 3, 8, 10. From Table HI we see that Sj is real. By Lemma 
01 dlm^ {Os J, p) = 00, for aU p £ M^^. 

CASE: j = 11, 12. We compute that s^ and s^ are in Os^, and s^ 7^ s^. 
By Lemma [131 dim*B(Os^. , p) = 00, for all p G M^g) since \sj\ = 11. 

CASE: j = 2. The element S2 is real and we compute that M-^l = (^2) — 
Zq. Now, if qs2S2 / ~1) then dim.^{Os2, p) = 00, by Lemma [1.31 The 



POINTED HOPF ALGEBRAS: MATHIEU SIMPLE GROUPS 



11 



j 


1 


2 


3 


4 


5 


6 


7 


8 


9 


10 


11 


12 


13 


14 


15 


k.l 


1 


6 


3 


2 


8 


4 


6 


3 


2 


5 


11 


11 


10 


8 


4 


|G"J 


95040 


6 


54 


192 


8 


32 


12 


36 


240 


10 


11 


11 


10 


8 


32 


XI 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 




1 


1 


X2 


11 





2 


3 


1 


3 


-1 


-1 


-1 


1 










-1 


-1 


X3 


11 





2 


3 


-1 


-1 


-1 


-1 


-1 


1 










1 


3 


X4 


16 





-2 











1 


1 


4 


1 


A' 


A 










X5 


16 





_2 











1 


1 


4 


1 


A 


A' 










X6 


45 








-3 


-1 


1 


-1 


3 


5 





1 


1 





-1 


1 


X7 


54 








6 





2 








6 


-1 


-1 


-1 


1 





2 


X8 


55 


1 


1 


7 


-1 


-1 


1 


1 


-5 














-1 


-1 


X9 


55 


-1 


1 


-1 


-1 


3 


1 


1 


-5 














1 


-1 


Xio 


55 


-1 


1 


-1 


1 


-1 


1 


1 


-5 














-1 


3 


Xll 


66 


-1 


3 


2 





-2 








6 


1 








1 





-2 


X12 


99 








3 


1 


-1 


-1 


3 


-1 


-1 








-1 


1 


-1 


X13 


120 


1 


3 


-8 




















-1 


-1 











X14 


144 

















1 


-3 


4 


-1 


1 


1 


-1 








X15 


176 





-4 











-1 


-1 


-4 


1 








1 














Tai 


5LE ^ 


:. Character table of Mu- 











-1, which satisfies q. 



S2S2 



remained case corresponds to p{s2) = Wg 

We compute that 0^2 ^ -^^il = {^2, ^2 }, and that the braiding is negative. 



CASE: j = 5, 14. The element Sj is real and M^2 



(^.) 



Zs. If 



qsjSj 



/ -1, then dim 05(0,,, p) 



oo. 



by Lemma 11.31 The remained case 



corresponds to p{sj) 



UJa 



-1, which satisfies g. 



-1. We compute 



that Osj n M^2 = {■5ji sj, sj, sJ}, and that the braiding is negative. 



CASE: j = 13. The element S13 is real and M^2^ 



{S13) 



no- 



If 



iSl3Sl3 



7^—1, then dim*B(Os^3,/9) = 00, by Lemma [L3l The remained case 
corresponds to pisis) = wfg = —1) which satisfies Qsi^sia = —1- We compute 
that Osis '^ -^12^ = {•513, -Sis, S13, S13}, and that the braiding is negative. 
CASE: j = 7. The element Sj is real and we compute that 

MI^ = {X,S7) ~Z2 xZg, 

with X := (1,12)(2,7)(3, 11)(4,6)(5,9)(8, 10). Let us define {i^o, ■ ■ ■ ,1^5}, 
where I'lisj) := loq, < I < 5. So, 

{e(g) ui, sgn^ui I < / < 5}, 

where e and sgn mean the trivial and the sign representations of Z2, respec- 
tively. Clearly, if p G -^12' with I 7^ 3, then Qs^sr 7^ —1, and diui^{Osj, p) = 
00, by Lemma 11.31 The remained two cases are e® 1^3 and sgn (S> 1^3. We will 
prove that also the Nichols algebra 53(0,7, p) ^^ infinite-dimensional. We 
compute that O,^ n M^l has 6 elements and it contains ai := sj, 

CJ2 :== (1,5,4,7,11,10)(2,3,8,12,9,6), cts := (1, 3,4, 12, 11, 6)(2, 5, 8, 7, 9, 10). 
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k 




2 


3 


4 


5 


6 


7 


8 


9 


10 


11 


12 


13 


14 


M 




4 


4 


2 


4 


8 


4 


2 


2 


4 


4 


4 


8 


4 


\Qyk\ 


32 


8 


16 


32 


16 


8 


16 


16 


8 


32 


32 


16 


8 


16 


\OyJ 






2 




2 


4 


2 


2 


4 




1 


2 


4 


2 


IJ-1 










1 


1 


1 








1 


1 




1 


IJ.2 




-1 






-1 


1 


-1 




-1 




1 


-1 




-1 


1^3 










-1 


-1 


-1 








1 


-1 


-1 


-1 


fJ.4 




-1 






1 


-1 


1 




-1 




1 


1 


-1 


1 


M5 










-i 


-i 


-i 


-1 


-1 


-1 


-1 


i 




i 


M6 




-1 






-i 


i 


-i 


-1 




-1 


-1 


i 


-i 


i 


/^7 










i 


i 


i 


-1 


-1 


-1 


-1 


-i 


-i 


-i 


1^8 




-1 






i 


-i 


i 


-1 




-1 


-1 


-i 




-i 


M9 


2 





-2 


2 











-2 





2 


2 











Mio 


2 





-2 


2 











2 





-2 


-2 











Mil 


2 








-2 


1+i 





-1-i 








-2i 


2i 


1-i 





-1+i 


Ml2 


2 








-2 


-1-i 





1+i 








-2i 


2i 


-1+i 





1-i 


Ml3 


2 








-2 


-1+i 





1-i 








2i 


-2i 


-1-i 





1+i 


/il4 


2 








-2 


1-i 





-1+i 








2i 


-2i 


1+i 





-1-i 
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Notice that 0"2cr3 



We take gi := id, §2 := (2, 7, 12)(3, 9, 5)(6, 8, 10) 



and 53 := ^2 • We compute that the following relations hold 



0-151 =510-1, 


0-152 = 520-3, 


0-153 = 530-2, 


(2.6) 


0-251 =510-2, 


0-252 = 52O-I, 


0-253 = 53O-3, 


(2.7) 


0-351 =510-3, 


0-352 = 520-2, 


0-353 = 530-1. 


(2.8) 



li W := C - span of {51,52,53}, then VF is a braided vector subspace of 
M{OsT,p) of Cartan type, with matrix of coefficients given by 

/-I -1 



Q 



1 •- 



Q2 



-1 1 
-1 -1 



-1' 



1 



(2.9) 



1 -1 

\-i 1 -ly \ 1 -1 -1^ 

for /3 = e ® f3 and p = sga.®u^, respectively. In both cases the associated 
Cartan matrix is given by (j2.5p . By Theorem II. 2^ dim!B(C's7,/o) = 00. 

CASE: j = 6. The element sq is real and we compute that M^2 is a 
non-abelian group of order 32, whose character table is given by Table [5j 

For every k, 1 < k < 14, we call pk = (pfc,Vfc) the irreducible represen- 
tation of M^2 whose character is pk- From Table [5l we can conclude that 
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if A; 7^ 5, 6, 7, 8, 10, then qsgse 7^ —1 and dim5S(Os6)/0fc) = cxd, by Lemma 
ll.3[ On the other hand, if A; = 5, 6, 7, 8 or 10, then g^g^g = —1. For these 
five cases we will prove that diin^{OsQ, Pk) = oo. First, we compute that 
Osg n Mil = {ai I 1 < ? < 6}, where 

ai:=(l,4,7,12)(2,6,ll,10)(3,9)(5,8), 
a2:=(l,4,7,12)(2,ll)(3,5,9,8)(6,10), 

a"3 := Sq , 0-4 := sq, 0-5 := a^ and aQ '■= (J2 ■ We compute that these 

Af°^ A/^6 

elements commute each other and that a2 G Oj ^^ and CJ5, o"6 G ^14^ ■ We 
take in M12 the following elements: 

51 :=(1,8,6,12,3,2)(4,9,11, 7,5,10), 92 := (1,6, 12, 11, 7, 10,4, 2)(5, 8) 
and 93 := (1, 12)(4, 7)(5,8)(6, 10). Then cxr-gr- = grSe, 1 < r < 3, and 
o"29i = 910-5, aig2 = 520-5, cri53 = 530-5, 

0-351 = 510-6, 0-352 = 920-4, 0-253 = 530-6- 

Assume that k = 5, 6, 7 or 8. We define W := C - span of {51,52, <?3}- 
Hence, VF is a braided vector subspace of M{Osq , Pk) of Cartan type. From 
Table [SJ we can calculate that the matrix of coefficients Q is 

/-I i i \ /-I -i -i\ 

Q3:=\ i -1 i , Q4 := -i -1 -i , (2.10) 

\ i i -1/ \-i -i -1/ 

for fc = 5 or 6, and A; = 7 or 8, respectively. In all the cases the associated 
Cartan matrix is as in (j2.5p . Therefore, dim*B(Osg,/9fc) = 00. 

Assume that k = 10. Since 0-5 and o-g commute there exists a basis {vi, V2} 
of Vio, the vector space affording pio, composed by simultaneous eigenvectors 
of /Oio(o-5) and pio(o-6). Let us say pio{(T5)vi = Xivi and pio{(Jg)vi = Km, 
/ = 1, 2. Notice that n^Xi = ibl,ibi, due to \(j^\ = 4 = \<Jq\. From Table 
El we can deduce that Ai + A2 = = ki + ^2 because 0-5, a^ G ^ia^ and 

M^^ 1 

/iio(C'i4^^) = 0. Also, since 0-50-5 = s^ we have that A/K/ = —1, Z = 1, 2. 
Now, we consider the four possibilities: Ai = ±1, iti. 

(i) If Ai = ±1, then we take W := C - span of {5ifi,52i'2,53fi}- 
(ii) If Ai = ±i, then we take VF := C - span of {5ifi, 52^1, 53^1}. 

In both cases, 1^ is a braided vector subspace of M(Osg , pio) of Cartan type. 
We calculate that the matrices of coefficients are given by Qi (resp. Q2) 
for the case Ai = 1 (resp. Ai = — 1) - see (j2.9p : whereas the matrices of 
coefficients are given by Q3 (resp. Q4) for the case Ai = i (resp. Ai = —i) - 
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1 


2 


3 


4 


5 


6 


7 


8 


9 


10 


11 


12 


13 


\yk\ 


1 


2 


3 


8 


6 


4 


2 


2 


4 


8 


4 


2 


4 


|G«H 


192 


8 


6 


8 


6 


32 


192 


32 


16 


8 


32 


16 


16 


\Oy,\ 


1 


24 


32 


24 


32 


6 


1 


6 


12 


24 


6 


12 


12 


Ml 


1 




1 




1 


1 


1 


1 




1 


1 






M2 


1 


-1 


1 


-1 


1 


1 


1 


1 




-1 


1 






M3 


2 





-1 





-1 


2 


2 


2 







2 






M4 


3 


-1 










-1 


3 


-1 




-1 


3 






M5 


3 







-1 





-1 


3 


-1 




1 


3 






Me 


3 


-1 





-1 





3 


3 


-1 




1 


-1 






M7 


3 







-1 





-1 


3 


3 




-1 


-1 






Ms 


3 












3 


3 


-1 




-1 


-1 






M9 


3 


-1 










-1 


3 


3 




1 


-1 






Mio 


4 





1 





-1 





-4 





2 











-2 


Mil 


4 





1 





-1 





-4 





-2 











2 


Ml2 


6 














-2 


6 


-2 








-2 


2 





Ml3 


8 





-1 





1 





-8 





















Table 6. Character table of M- 
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see (I2.10p . In all these cases, the associated Cartan matrix is given by (j2.5p . 
Therefore, dim!B(C'sg,pio) = co. 

CASE: j = 15. We compute that M^ff - ^^12 • This imphes that this 
case is analogous to the case j = 6, since O^jg ~ Og^ as racks. 

CASE: j = 4. We compute that M^^ is a non-abelian group of order 192, 
whose character table is given by Table EJ 

For every k, 1 < k < 13, we call pk = (pk, ^k) the irreducible representa- 
tion of M^2 whose character is pk ■ Prom Table [6l we can conclude that if 
k 7^ 10, 11, 13, then Qs^si ¥" ~1 ^-i^d dim*B(Os4>Pfc) = 00, by Lemma [L3l 

Assume that k = 10, 11 or 13; thus ^^4^4 = —1- We will prove that 
dim 03(0^4 )Pfc) = 00. First, we compute that O^^ n M^^ has 31 elements, 
and that it contains cJi := S4, 

a2:=(3,4)(5,10)(6,ll)(7,12) and erg := (2, 9)(3, 5)(4, 10)(7, 12). 

We compute that (T2 and a^ commute, (T3 G Og ^^ and (T21T3 = S4. Now, we 
choose in M12 the following elements: gi := id, 

92 := (2, 7)(3, 5)(6, 11)(9, 12) and 53 := (2, 9)(5, 10)(6, 7)(11, 12). 
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13 


14 
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2 


4 
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2 


4 


10 


2 


2 
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6 


3 


6 


2 


IGy-i 


240 


16 


8 


10 


16 


8 


10 


240 


24 


12 


12 


12 


12 


24 


\OyJ 


1 


15 


30 


24 


15 


30 


24 




10 


20 


20 


20 


20 


10 


A^i 


1 


1 


1 




1 


1 


1 






1 


1 


1 


1 


1 


Ai2 


1 


1 


-1 




-1 


1 


-1 


-1 




-1 


1 


1 


-1 


-1 


A's 


1 


1 


1 




-1 


-1 


-1 


-1 




-1 


-1 


1 


1 


1 


M4 


1 


1 


-1 




1 


-1 


1 






1 


-1 


1 


-1 


-1 


M5 


4 








-1 








-1 


4 


-2 


1 


1 


1 


1 


-2 


Me 


4 








-1 








1 


-4 


2 


-1 


-1 


1 


1 


-2 


M7 


4 








-1 








-1 


4 


2 


1 


-1 


1 


-1 


2 


m 


4 








-1 








1 


-4 


-2 


-1 


1 


1 


-1 


2 


M9 


5 


1 


-1 





1 


-1 





5 


1 


-1 


1 


-1 


1 


1 


Mio 


5 


1 


-1 





-1 


1 





-5 


-1 


1 


-1 


-1 


1 


1 


Mil 


5 


1 


1 





1 


1 





5 


-1 


-1 


-1 


-1 


-1 


-1 


/il2 


5 


1 


1 





-1 


-1 





-5 


1 


1 


1 


-1 


-1 


-1 


Ml3 


6 


-2 





1 


-2 





1 


6 




















Ml4 


6 


-2 





1 


2 





-1 


-6 





















Table 7. Character table of Mf| 
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It is easy to check that they satisfy the relations given in (j2.ip . ()2.2p and 



(j2.3p . From Tabled we have that ^k{02 ^^ ) = 0. Now, we can proceed as in 
the case j = 5 and A: = 8 of the proof of Theorem 12.11 Thus, we can obtain 
a braided vector subspace of M{Os^, Pk) of Cartan type whose associated 
Cartan matrix is not of finite type. Therefore, dim*B(Os4iPfc) = oo, for 
k = 10, 11, 13. 

CASE: j = 9. We compute that M^2 is a non-abelian group of order 240, 
whose character table is given by Table [71 

For every A;, 1 < fc < 14, we call pk = (pkiVk) the irreducible represen- 
tation of M^2 whose character is /x/j . From Table [71 we can conclude that 
if A: / 2, 3, 6, 8, 10, 12, 14, then Qs^sg / —1 and dim 53(0^91 Pfc) = c)o, 
by Lemma 11.31 On the other hand, if A; = 2, 3, 6, 8, 10, 12 or 14, then 
Qsssc, = —1- For these cases we will prove that dim*B(C'sg,/9fc) = oo. First, 
we compute that O^g H M^2 has 36 elements, and that it contains o"i := sg, 

(72 := (1, 3)(2, 5)(4, 6)(7, 9)(8, 10)(11, 12), 
(T3:=(l,5)(2,3)(4,10)(6,8)(7,ll)(9,12). 
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We set 51 := id, 52 := (2, 3, 4)(5, 6, 8)(7, 11, 9), 53 := (2, 5, 3)(4, 8, 6)(7, 12, 9); 
these elements are in M12 and they satisfy arQr = 9rSQ, 1 < r < 3, 17352 = 
520"3 and 

0"25'l = 51^-2, 0"lS'2 = 5271,2, Cri53 = 93(^2, 

(^391 = 91(^3, (^392 = 5273,2, Cr25'3 = 530-3, 

where 71,2 = (1,4)(2, 8)(3, 6)(5, 10)(7, 11)(9, 12) and 73,2 = sgj^^l- Also, we 

compute that (T2C'"3 = sg = (T3(T2, and that (T3, 71^2 G ^14^ &^d 73^2 G Og ^^ • 
Assume that A: = 2 or 3. Let us define W := C - span of {51,52,53}- 
Hence, M^ is a braided vector subspace of M{Osg , Pk) of Cartan type. From 
Table [71 it is straightforward to calculate that the associated Cartan matrix 
is as in (12. 5|) . Thus, dim*B(Os9,Pfc) = 00. 

Assume that A; = 6. Since o"i, o"2, o"3, 71^2 and 73^2 commute there ex- 
ists a basis {^1,^^2,^3,^41 of Ve, the vector space affording pQ, composed 
by simultaneous eigenvectors oi p^^ai) = —Id, P6{(72), Pei^^s) /06(7i,2) and 
P6(73,2)- Let us call p(i{a2)vi = Xm, p6(o"3)«i = ^m, 1 < I < 4, where A;, 
Ki = ±1, 1 < / < 4, due to |(T2| = \crs\ = 2. From Table [71 we have that 
Ai + A2 + A3 + A4 = — 2 = — Ki — K-2 — 1^3 — '^4- So, we have that Ai, A2, 
A3 and A4 are not all equal to 1 or —1. On the other hand, since a20'3 = sg 
and qsgsQ = —1, we have that Xim = —1, 1 < ? < 4. Now, if VF := C - 
span of {givu g2Vu g-^vi | 1 < / < 4}, then 1^ is a braided vector subspace of 
M{Osq-,Pq) of Cartan type, whose associated Cartan matrix A has at least 
two row with three —1 or more. This means that the corresponding Dynkin 
diagram has at least two vertices with three edges or more; thus, A is not 
of finite type. Hence, dim53(C's9,/06) = 00. 

For the cases A; = 8, 9, 10, 12 or 14, we proceed in an analogous way. D 

Remark 2.4. We compute that the groups M^^, M^^ and Ml^\ have 10, 12 
and 10 conjugacy classes, respectively. Hence, there are 168 possible pairs 
{0,p) for Mi2- We conclude that 164 of them lead to infinite-dimensional 
Nichols algebras, and 4 have negative braiding. 

2.3. The group M22. The Mathieu simple group M22 can be given as a 
subgroup of §22 in the following form 

M22 := ((1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11)(12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22), 

(1,4, 5, 9, 3)(2, 8, 10, 7, 6)(12, 15, 16, 20, 14)(13, 19, 21, 18, 17), 

(1, 21)(2, 10, 8, 6)(3, 13, 4, 17)(5, 19, 9, 18)(11, 22)(12, 14, 16, 20) ). 

In Table [HI we show the character table of M22, with A = (—1 — i\/ll)/2 
and C = (—1 — i\/7)/2. The representatives of the conjugacy classes of M22 
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Table 8. Character table of Af 
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id, 

(1, 10, 13, 17)(2, 3, 14, 15)(4, 20, 18, 7)(5, 21)(6, 22)(9, 11, 12, 16), 

(1, 13)(2, 14)(3, 15)(4, 18)(7, 20)(9, 12)(10, 17)(11, 16), 

(1, 8, 17, 5, 11, 15, 3, 7)(2, 14, 9, 16)(4, 20)(6, 21, 13, 22, 19, 18, 12, 10), 

(1, 12, 16, 15, 19, 11, 18)(2, 7, 9, 14, 13, 10, 6)(3, 22, 4, 17, 5, 21, 8), 

(1, 15, 18, 16, 11, 12, 19)(2, 14, 6, 9, 10, 7, 13)(3, 17, 8, 4, 21, 22, 5), 

(1, 4, 2, 6, 3)(5, 15, 12, 22, 18)(7, 8, 11, 19, 20)(9, 17, 10, 14, 21), 

(1, 18, 4, 12, 15, 8, 3, 17, 19, 7, 6)(2, 9, 16, 11, 13, 22, 20, 5, 10, 14, 21), 

(1, 4, 15, 3, 19, 6, 18, 12, 8, 17, 7)(2, 16, 13, 20, 10, 21, 9, 11, 22, 5, 14), 

(1, 6, 5, 17)(3, 8)(4, 11)(7, 13, 16, 14)(9, 12, 22, 15)(10, 20, 18, 19), 

(1, 7, 22)(2, 13, 6, 14, 5, 3)(4, 10)(8, 16, 9, 20, 19, 17)(11, 15, 21)(12, 18), 

(1, 22, 7)(2, 6, 5)(3, 13, 14)(8, 9, 19)(11, 21, 15)(16, 20, 17). 

In the following statement, we summarize our study by mean of abelian 
subracks in the group M22. 

Theorem 2.5. Let p G M22, with I < j < 12. If j = 4 and p = X{~i)> then 
the braiding is negative. Otherwise, dim 53 (O^ , p) = cxo. 

Proof. CASE: j = 7, 12. From Table [HI we see that Sj is real. By Lemma 
[L3l dim!B(0..,p) = 00, for ah p £ M^^. 
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CASE: j = 5, 6. We compute that s? and s^ are in O^.. Since |s,| = 7 
we have that dini*B(Os.,p) = oo, for all p E M22, by Lemma ll.4[ 

CASE: J = 8, 9. We compute that s^ and s^ are in Ogy Since \sj\ = 11 

we have that dim*B(C's.,p) = 00, for all p E M22, by Lemma ll.4[ 

CASE: j = 4. We compute that M^^ = (54) ~ Zg. From Table El 
we see that S4 is real. Thus, if qsjSj / — Ij then dim*B(C'sj. ,p) = c«, by 
Lemma 11.31 The remained case corresponds to p{s/^) = Wg = —1, which 
satisfies Qsjsj = —1- We compute that Og^ H M22 = {•54,54,54,54}. It is 
straightforward to prove that the braiding is negative. 

CASE: j = 11. We compute that M22'' = (^' ^n) - ^2 x Zg, where 

X := (2, 9)(3, 16)(4, 12)(5, 8)(6, 19)(10, 18)(13, 20)(14, 17). 

Let us define {1^0, . . . , 1^5}, where iyi{sii) := loq, < / < 5. So, 

M22" = {e ui, sgn(g)ui I < / < 5}, 

where e and sgn mean the trivial and the sign representations of Z2, re- 
spectively. Since su is real we have that if p E M22^, with I 7^ 3, then 
Qsiisii / — li and dim5S(Osiii p) = co, by Lemma [L3l The remained two 
cases are p = £(8)1^3 and p = sgn ®z^3. We will prove that also the Nichols al- 
gebra ^{Ogj^i , p) is infinite-dimensional. First, we compute that Os^^ nM22^ 
contains ai := su, 

0-2 := (1, 7, 22)(2, 8, 6, 9, 5, 19)(3, 17, 13, 16, 14, 20)(4, 12)(10, 18)(11, 15, 21), 
0-3 := (1, 7, 22)(2, 20, 6, 17, 5, 16)(3, 9, 13, 19, 14, 8)(4, 18)(10, 12)(11, 15, 21). 

We compute that cr2 = xsfi and as = xsu. We choose gi := id, 

g2 := (1, 7, 22)(3, 19, 16)(4, 12, 10)(8, 20, 13)(9, 17, 14)(11, 21, 15) 

and g?j \= §2 ■ These elements are in Af22 and they satisfy the same relations 
as in ([2SD, dZZD and ([23]). Now, if P^ := C - span of {51,52,53}, then W 
is a braided vector subspace of M[Osyi, p) of Cartan type with matrix of 
coefficients given by Qi (resp. Q2) for the case p = e®vs (resp. p = sgn (8)1/3) 
- see (j2.9p . In both cases the associated Cartan matrix is as in (j2.5|) . By 
Theorem [L2l dim*B(C'sjj,p) = 00. 

CASE: j = 10. We compute that M22'° = (^' ^10) ^ ^4 x Z4, where 
X := (1, 9, 13, 10)(3, 11)(4, 8)(5, 22, 14, 18)(6, 12, 16, 20)(7, 19, 17, 15). 
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If we set {uq, . . . , z/3}, where z/;(- 



W4, < / < 3, then 



M^^" 



{i//®i/t, I 0</,t<3}. 



If /7 = fi Vf, with t / 2 and < Z < 3, then ^siosio = (^i ® ^t)(sio) = 
ti;4 7^ —1; since sio is real we have that diin^{OsioT p) = 00. Assume that 
p = ui i>2., < I < 3. Let us define ui := sio, c'"2 := sj}, , o"3 := x and 
(74 := x"^. We compute that x £ Ogj^- Now, we choose gi := id, 

02 := (3,8)(4,11)(6,17)(7,16)(9,18)(10,22)(12,20)(15,19), 
g-s := (3, 8, 4)(5, 13, 14)(6, 9, 19)(7, 22, 15)(10, 12, 17)(16, 18, 20) 



and (74 := (73^2 • These elements are in M22 and satisfy that argr 
(^rQi = gi(^r, 1 < ?" < 4, and 



drSlO, 



-1 



-1,-1 

■^10 ' 
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94 XS^Q 



94 X ^Sio, 

-1 



o-i5'2 = 92 s^Q , ai53 = gz X s^^ , 0-154 

0-35'2 = 92 X'^sIq, 0-253 = 53 2;SlO, 0-254 

0-452 = 52 xs\q, a4g3 = 53 s^q, 0-354 = 54 s^ff 

If we define W := C - span of {51, 52, 53, 54}, then VK is a braided vector 
subspace of M{Osio, p) ^^ Cartan type, whose associated Cartan matrix is 
given by 



A 



/ 2 
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V-i 
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2/ 



(2.11) 



By Theorem II .21 dim53(C's^(,, p) = 00. 

CASE: j = 2. We have that S2 is a real element, it has order 4 and we 
compute that M22 is a non-abelian group of order 32. 

Let p = {p,V) G M^l. We will prove that the Nichols algebra ^{Os^^p) 
is infinite-dimensional. If qs2S2 7^ ~1) then the result follows from Lemma 
II. 3[ Assume that qs2S2 = ~1- We compute that Os2 H M22 has 16 elements 
and it contains ai := S2, 

(72 := (1, 7, 15, 11)(2, 12, 10, 4)(3, 16, 13, 20)(5, 6)(9, 17, 18, 14)(21, 22), 
0-3 := (1, 9, 3, 4)(2, 7, 17, 16)(5, 22)(6, 21)(10, 11, 14, 20)(12, 15, 18, 13). 

We compute that ai, 0^2 and 0-3 commute and that 0-20-3 = s^ . We choose 
g^ ■= id, 52 := (2, 16, 12)(3, 13, 15)(4, 17, 11)(5, 6, 21)(7, 9, 10)(14, 20, 18) and 
93 '■= 9-2 ■ These elements belong to M22 and they satisfy the relations given 
by (122]), ([221) and ([231). Now, we define W := C - span of {51^,52-^,531'}, 
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Table 9. Character table of M2I. 



where v £V — 0. Hence, it is straightforward to check that VF is a braided 
vector subspace of M{Os2 1 P) of Cartan type whose associated Cartan matrix 
is given by (j2.5p . By Theorem 11.2^ dim*B(C's2,/o) = 00. 

CASE: j = 3. We compute that M22 is a non-abehan group of order 384, 
whose character table is given by Tabled where d := i\/3. 

For every k, 1 < k < 17, we call pk = {pk, ^k) the irreducible representa- 
tion of M22 whose character is fik- From Tableland the fact that S3 is real, 
we have that if A; 7^ 15, 16, 17, then qs^s3 / —1 and dim!B(C's3,pfc) = '^^ ^Y 
Lemma ll.3i On the other hand, if A; = 15, 16 or 17, then qs-^sa = ~1- For 
these cases we will prove that dim*B(C's3,Pfc) = 00. First, we compute that 
0^3 n M22 has 51 elements, and that it contains ai = S3, 

(72 := (3, 15)(4, 20)(6, 22)(7, 18)(8, 19)(9, 16)(10, 17)(11, 12), 
as := (1, 13)(2, 14)(4, 7)(6, 22)(8, 19)(9, 11)(12, 16)(18, 20). 

We compute that ui, (72 and 0-3 commute each other, (T2(T3 = S3 and that 
o"2 S O3 ^^ . We choose in M22 the following elements: gi := id, 

52 := (1,6)(2,8)(4,11)(7,9)(12,18)(13,22)(14,19)(16,20), 

53 := (3,6)(4,16)(7,11)(8,17)(9,20)(10,19)(12,18)(15,22). 

They satisfy the same relations as in (j2.ip . (j2.2|) and (|2.3p . 



POINTED HOPF ALGEBRAS: MATHIEU SIMPLE GROUPS 21 

Assume that k = 15, 16 or 17. Since ui, (72 and (T3 commute there 
exists a basis {t'; | 1 < / < 8} of Vfc, the vector space affording p^, composed 
by simultaneous eigenvectors of Pkicri) = —Id, Pfc(o"2) and Pkicr^). Let 
us say Pkio'2)vi = Xivi and Pk{(y-i)vi = kiVi, 1 < I < 8. Notice that A;, 
Ki = ±1, 1 < / < 8, due to \a2\ = 2 = |cr3|. On the other hand, since 
0"2cr3 = S3 we have that A^k; = —1, 1 < / < 8. From Table [U we can 
deduce that X^;=i A; = because Pki^z ^^ ) = 0. Reordering the basis we 
can suppose that Ai = 1 and A2 = —1; thus, ki = —1 and K2 = 1- We 
define W := C - span of {giVi,g2V2,g-iV2}. Hence, VF is a braided vector 
subspace of M{Os^-,Pk) of Cartan type whose Cartan matrix is as in (j2.5|) . 
and dim ©(0^3 5 Pfc) = CO. D 

Remark 2.6. We compute that the groups M22 and M22^ have 14 and 12 
conjugacy classes, respectively. Hence, there are 132 possible pairs (O, p) for 
M22; only one of then has negative braiding. The other pairs have infinite- 
dimensional Nichols algebras. 

2.4. The group M23. The Mathieu simple group M23 can be given as the 
subgroup of §23 generated by ai and 02 > where 

ax := (1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23), 

02 := (3, 17, 10, 7, 9)(4, 13, 14, 19, 5)(8, 18, 11, 12, 23)(15, 20, 22, 21, 16). 

The order of M23 is 10200960. In Table [TOl we show the character table of 
M23, where A = (-l + iv^))/2, B = (-l + i^)/2, C = (-l+iVT5)/2 and 
D = (—1 + i\/23)/2. We will denote the representatives of the conjugacy 
classes of M23 by Sj, 1 < j < 17. 

In the following statement, we summarize our study by mean of abelian 
subracks in the group M23. 

Theorem 2.7. Let p G M23, with 1 < j < 17. The braiding is negative in 
the cases j = 9, 12 and 13, with p = X(-i)- Otherwise, dim 53 (0^^.,^) = 00. 

Proof. CASE: j = 3, 5. From Table [TOl we see that Sj is real. By Lemma 
[L3l dim!B(0^^.,p) = 00, for ah p £ M^^. 

CASE: j = 7, 8, 14, 15, 16, 17 . We compute that s^ and s^ are in 

Osy Since \sj\ is odd we have that dim*B(C'sj. , p) = 00, for all p £ M23, by 
Lemma 11.41 

CASE: j = 10, 11. We compute that s^ and s^ are in Og ■ Since |s,| = 11 
we have that dim5S(C's.,p) = 00, for all p G M23, by Lemma 11.41 

CASE: j = 12, 13. We compute that M^^ = {sj) ~ Z14, and that s^ and 
sY are in Os^ Thus, if qs^Sj / — 1; then dim!B(Os^. ,/?) = 00, by Lemma 
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Table 10. Character table of M23. 
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-1, which satisfies 



11.41 The remained case corresponds to p{sj) = uj 

Qsjsj = —1- We compute that Og^ nM23 = {sj, s^, s^}. It is straightforward 

to prove that the braiding is negative. 



CASE: j = 9. We compute that M23 = (sg) ~ Zg, and that sg is 
real. Thus, if Qsgsg 7^ —1) then dim!B(C'sg,/9) = co, by Lemma [1.3[ The 



remained case corresponds to p{sg) 



= ojg = —1, which satisfies Qsgsg = — 1- 
We compute that O^g n M23 = {sg, Sg, Sg, Sg}. It is easy to check that the 
braiding is negative. 

CASE: J = 6. The representative is 

S6 = (1, 19, 20)(2, 9, 18, 17, 14, 5)(3, 21)(4, 13, 23, 10, 11, 22)(6, 8, 15)(7, 16), 

it is real and has order 6. We compute that MH = {x,sq) ~ Z2 x Zg, 
with X := (2,22)(3,7)(4,9)(5, 11)(10, 14)(13,18)(16,21)(17,23). Let us de- 
fine {uq, . . . , z^s}, where i'i{sq) := Wg, < / < 5. So, 

M|| = {e ui, sgn^i/i | < Z < 5}, 

where e and sgn mean the trivial and the sign representations of Z2, respec- 
tively. If p G -^23' with I / 3, then qs^se ¥" ~1; ^-^d dim 03(0^6 )P) = 00, by 
Lemma fl.31 The remained two cases are p = e^z/s and p = sgn (8)1/3. We will 
prove that also the Nichols algebra ^{Os^^jp) is infinite-dimensional. First, 
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we compute that Ogg H Mgl has 6 elements, and it contains ai := sq, 
0-2 := (1, 19, 20)(2, 4, 18, 23, 14, 11)(3, 16)(5, 22, 9, 13, 17, 10)(6, 8, 15)(7, 21), 
0-3 := (1, 19, 20)(2, 10, 18, 22, 14, 13)(3, 7)(4, 5, 23, 9, 11, 17)(6, 8, 15)(16, 21). 

Also, we compute that (T2 = xs^ and 0-3 = xsq. We choose gi := id, 
52 := (1, 20, 19)(3, 21, 7)(4, 10, 9)(5, 11, 13)(6, 8, 15)(17, 23, 22), 

and gz '■= 92 ■ These elements are in M23 and they satisfy the same relations 
as in ^Mi, dSZ]) and ^^. li W := C - span of {51,52,93}, then W^ is a 
braided vector subspace of M{Os(,-,p) of Cartan type whose Cartan matrix 
is as in (j2.5p . Therefore, dim*B(C'sg,/o) = 00. 
CASE: j = 4. The representative is 
S4 = (1, 17, 10, 4)(2, 8)(3, 6, 14, 11)(5, 12, 13, 21)(7, 15)(16, 20, 22, 23), 

which has order 4 and it is real. We compute that M2I is a non-abelian group 
of order 32. Let p = (p, V) £ M2^. We will prove that the Nichols algebra 
®(Os4, p) is infinite-dimensional. If qs^si 7^ ~1, then the result follows from 
Lemma 11.31 Assume that ^84^4 = — 1. We compute that Og^ H M2I has 16 
elements and it contains 0"i := S4, 

(72 := (1, 12, 6, 20)(2, 7)(3, 16, 4, 5)(8, 15)(10, 21, 11, 23)(13, 14, 22, 17), 

as := (1, 16, 11, 13)(2, 15)(3, 21, 17, 20)(4, 23, 14, 12)(5, 10, 22, 6)(7, 8). 

These elements commute and (T2(T3 = sj . We choose 51 := id, 

52 := (2, 15, 7)(3, 21, 5)(4, 20, 13)(6, 11, 10)(12, 16, 17)(14, 23, 22) 

and 53 := §2 ■ These elements belong to M23 and they satisfy the rela- 
tions given by ([ZB . ([221) and ([231). Now, we define W := C - span of 
{giv , g2V , gsv} , where v £ V — 0. Hence, it is straightforward to check that 
1^ is a braided vector subspace of M{Os^ , p) of Cartan type whose associated 
Cartan matrix is given by (j2.5p . By Theorem II. 2^ dim 58(0^4, p) = 00. 

CASE: J = 2. The representative is 

S2 = (1, 10)(3, 14)(4, 17)(5, 13)(6, 11)(12, 21)(16, 22)(20, 23). 

We compute that Mgg is a non-abelian group of order 2688, whose character 
table is given by Table [m where A = {-1 + iy/l)/2 and B = z\/3. 

For every /c, 1 < A: < 16, we call pk = {pk, Vk) the irreducible representa- 
tion of M2I whose character is pk- Prom Table [TTl we have that if /c 7^ 9, 
10, 11, 15, 16, then ^^2^2 7^ ~1 and dim*B(Os2, Pfc) = co, by Lemma [L3l On 
the other hand, if /c = 9, 10, 11, 15 or 16, then qs2S2 = ~1- For these cases 
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Table 11. Character table of Mgf. 



we will prove that dim 03(0^2, Pfe) = oo. First, we compute that Os2 H M23 
has 99 elements and it contains ai := S2 and 

CT2 := (3, 6)(5, 20)(7, 9)(11, 14)(12, 21)(13, 23)(15, 18)(16, 22). 

We compute that 0-2 G Cis^^ • Now, we choose gi := id and 

92 := (1,7)(3,20)(4,18)(5,14)(6,23)(9,10)(11,13)(15,17). 

Then, g2 is in M23, and we have drgr = drCi, 1^ = !> 2, cr2(7i = gi(J2 and 

<7l5'2 = 52*72 • 

Assume that k = 9, 10, 11, 15 or 16. From Table [TTl we have that the 
degree of pk is 8 or 24. Since ui and (T2 commute there exists a basis {vi \ 1 < 
I < deg{pk)} of Vfc, the vector space affording pk, composed by simultaneous 
eigenvectors of pkic^i) = — Id and pki(^2)- Let us call Pk{c2)vi = Xivi, 
1 < I < deg{pk), where A; = ±1, due to \a2\ = 2. From Table [HI we 



have that ^' 



dog{pfc) 
1=1 



Xi = 0. Reordering the basis we can suppose that Ai 



• • • = ^deg(pfc)/2 = 1 = -Ai+dcg(pfc)/2 = • • • = -Adeg{p,)- It is Straightforward 
to check that if VF := C - span of {giVi,g2Vi | 1 < / < deg(pfc)}, then W 
is a braided vector subspace of M{Os2,p) °f Cartan type whose associated 
Cartan matrix A has at least two row with three —1 or more. This means 
that the corresponding Dynkin diagram has at least two vertices with three 
edges or more; thus, A is not of finite type. Hence, dim 55(0^2 1 Pk) = 00. D 
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Table 12. Character table of M24 (i) 
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Remark 2.8. We compute that the groups Mgf, M^^, M^^, M^^ and M^^ 
have 15, 14, 15, 14 and 14 conjugacy classes, respectively. Hence, there are 
251 possible pairs {0,p) for M23; 248 of them lead to infinite-dimensional 
Nichols algebras, and 3 have negative braiding. 

2.5. The group AI24,. The Mathieu simple group M24 can be given as the 
subgroup of §24 generated by ai, 02 and 03, where 

ai := (1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23), 
a2 := (3, 17, 10, 7, 9)(4, 13, 14, 19, 5)(8, 18, 11, 12, 23)(15, 20, 22, 21, 16), 
as := (1, 24)(2, 23)(3, 12)(4, 16)(5, 18)(6, 10)(7, 20)(8, 14)(9, 21)(11, 17) 
(13,22)(15,19). 

The order of M24 is 244823040. In Tables [l2] and [HI we show the character 
table of M24, where A = (-1 + iV7)/2, C = (-1 + i\/T5)/2 and D = 
(—1 + i-v/23)/2. We will denote the representatives of the conjugacy classes 
of M24 by Sj, 1 <j < 26. 

In the following statement, we summarize our study by mean of abelian 
subracks in the group M24. 
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Table 13. Character table of M24 (ii). 



Theorem 2.9. Let p € M24, with 1 < j < 26. The braiding is negative in 
the cases j = 6, with p = p2,6 or p^^, j = 8, with p = /J2,8 or ps^g, j = 14, 
with p = e® X{~1) or sgn(g)X(_i), j = 17, 18, 19 and 20, with p = X(-i)- 
Otherwise, dimiB(C's. ,/j) = 00. 



Proof. CASE: j = 4, 5, 9, 16. From Tables [T2] and [T3t we see that Sj is real 
By Lemma [m dim<B(Cs,, p) = 00, for all p E M^i- 

CASE: j = 12, 13, 21, 22, 23, 24, 25, 26. We compute that s], s^ £ O^, 
By Lemma [L^ dim53(Os^., p) = 00, for all p E M24, since \sj\ is odd. 

CASE: j = 19, 20. We have that |s,- 



14 and M^i ~ 



Sj is not real, we compute that s^, s] E O, 



Z14. Although 
Thus, if Qs.si / -1, then 



dim^{Os^,p) 
p{Sj) = uJ\ - 



00, by Lemma II. 4i The remained case corresponds to 



Oj, — U^;^4 



T, which satisfies qg 



-1. We compute that Oc. nM, 



■3 

24 



{^Sj., s^, s^^}. It is straightforward to prove that the braiding is negative. 
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CASE: j = 17, 18. We have that \sj\ = 12 and M^i ~ Z^. Also, we 
compute that Sj is real. Thus, if Qs^sj 7^ —1, then dimiB(C's^,p) = oo, by 
Lemma 11.31 The remained case corresponds to p{sj) = 10^2 = —1, which 
satisfies Qs^sj = —1- We compute that Os^ n M24 = {sj, s^, sJ, sj^}. It is 
straightforward to prove that the braiding is negative. 

CASE: j = 15. The representative S15 is 

(1, 11)(2, 3, 14, 13, 9, 23, 7, 17, 4, 16)(5, 19, 10, 20, 18, 6, 21, 15, 22, 8)(12, 24), 

it has order 10 and it is real. We compute that M24^ = {x, S15) ~ Z2 x Zio, 
where 

X := (1, 12)(2, 18)(3, 6)(4, 10)(5, 7)(8, 23)(9, 22)(11, 24)(13, 15)(14, 21) 

(16,20)(17,19). 

Let us define {uq, . . . , ug}, where ^((sis) := ui{q, < I < 9. So, 

M^ = {e(g>ui, sgn(g,i^i | < / < 9}, 

where e and sgn mean the trivial and the sign representations of Z2, respec- 
tively. If /9 E -^24^, with / / 5, then Qsi^sis ¥" ~1) ^-iid dim.^{Osj^, p) = 00, 
by Lemma ll.3l The remained two cases are p = e 2/5 and p = sgn (8>z/5. We 
will prove that the Nichols algebra 55(0^^5, p) is infinite-dimensional. First, 
we compute that O^is H M||^ has 12 elements, and it contains cJi := S15, 

(72 := (1, 12)(2, 5, 14, 10, 9, 18, 7, 21, 4, 22)(3, 19, 13, 20, 23, 6, 17, 15, 16, 8)(11, 24), 
as := (1, 24)(2, 6, 14, 15, 9, 8, 7, 19, 4, 20)(3, 21, 13, 22, 23, 5, 17, 10, 16, 18)(11, 12). 

We compute that a2(J3 = (j\. We choose g\ = id, 

52 := (1, 11, 24)(3, 5, 6)(8, 23, 18)(10, 15, 13)(16, 22, 20)(17, 21, 19) 

and gs '■= g2 • These elements are in M24 and they satisfy the same relations 
as in (I22D, dlZD and U^ . 

Assume that p = e (g) z^s or sgn 01^5. U W := C - span of {gi,g2,g3}, then 
VF is a braided vector subspace of M{Osi^,p) of Cartan type whose Cartan 
matrix is as in (|2.5p . Therefore, dim 03(0^15, p) ~ °*^- 

CASE: j = 14. The representative is 

si4 = (1, 22, 18, 14, 11, 19, 16, 7)(2, 13)(3, 12, 6, 21, 8, 10, 20, 23)(9, 17, 15, 24), 

it has order 8 and it is real. We compute that M24'' = {x,si4) ~ Z2 x Zg, 
where 

X := (1, 3)(2, 13)(4, 5)(6, 18)(7, 23)(8, 11)(9, 15)(10, 19)(12, 22)(14, 21) 
(16,20)(17,24). 
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Let US define {uq, . . . , uj}, where 1^1(814) := ujg, < I < 7. So, 

M^ = {e(g)ui, sgn(g,i^i | < / < 7}, 

where e and sgn mean the trivial and the sign representations of Z2, respec- 
tively. If /9 G -M24'*, with I 7^ 4, then Qsi^sn / —1, and dim53(C'sj4,p) = 00, 
by Lemma 11.31 The remained two cases corresponding to p = e 1^4 and 
p = sgn (8)z^4 have negative braiding. Indeed, we compute that 

L^si4 n -/W24 = |S]^4 , XS-^^^ , XS14, S]^4, S-|^4 , XS14, Si4, XSj^^ j. 

For simplicity, we write ai := s^^ , cr2 '■= xs^^ , a^ := XS14, a^ := s^^, 
(75 := sj~4 , (Tg := xsf^, (77 := si4 and ag := xs^^ . We choose in M24 the 
following elements: 

(71 := (3, 8)(4, 5)(7, 22)(9, 15)(10, 23)(12, 21)(14, 19)(16, 18), 
92 := (2, 4)(5, 13)(7, 21)(9, 17)(10, 22)(12, 19)(14, 23)(15, 24), 

53 := (2, 5)(4, 13)(7, 23)(9, 24)(10, 19)(12, 22)(14, 21)(15, 17), 

54 := (2, 13)(3, 8)(7, 19)(10, 21)(12, 23)(14, 22)(16, 18)(17, 24), 

55 := (2, 13)(4, 5)(7, 14)(9, 15)(10, 12)(17, 24)(19, 22)(21, 23), 

ge := (2, 4, 13, 5)(3, 8)(7, 10, 14, 12)(9, 24, 15, 17)(16, 18)(19, 23, 22, 21), 

gj := id and g^ := g^ ■ We compute that these elements satisfy cr^g-j = gjcrk, 
I < k < 8, ajgk = gk<Tk, 1 < A; < 5, a-jg^ = g^as and ajgs = gscre- It is 
easy to see that, if /> = e (8) z^4 or p = sgn (8)1/4, then p{'^k,Tl7,k) = 1> for every 
1 < A; < 8. From Lemma 11.81 the braiding is negative. 

CASE: j = 10. The representative sio is 

(1, 20)(3, 4, 16)(5, 14, 21, 19, 23, 15)(7, 11, 12, 24, 18, 13)(8, 22, 10)(9, 17), 

it has order 6 and it is real. We compute that the centralizer M24' is a 
non-abelian group of order 24. 

Let p = {p, V) £ M^°. We will prove that the Nichols algebra ©(O^jo > P) 
is infinite-dimensional. If Q'siosio ¥" ~^j then the result follows from Lemma 
II. 3[ Assume that Qsiosio = ~1- We compute that Osjq n M24° has 10 
elements and it contains ai := sio, (72 := sj~q , 

0-3 := (1, 20)(2, 6)(3, 8, 16, 10, 4, 22)(5, 14, 21, 19, 23, 15)(7, 18, 12)(11, 13, 24) 

and (74 := a^ . These elements commute each other. We choose gi := id, 
52 := (2, 6)(3, 10)(4, 22)(8, 16)(11, 13)(12, 18)(14, 15)(21, 23), 

.93 := (1, 6, 17)(2, 9, 20)(3, 7, 5)(4, 18, 23)(8, 11, 14)(10, 24, 19)(12, 21, 16)(13, 15, 22) 



POINTED HOPF ALGEBRAS: MATHIEU SIMPLE GROUPS 29 

and (74 := g3g2- These elements are in M24 and they satisfy aj-Qr = OrO'i, 
Crdi = gi(^r, 1 < ?" < 4, and 

0-152 = 520-2, 0-153 = 537, 0-154 = 547~S 

0-352 = 520-4, 0-253 = 537~\ 0-254 = 547, 

0-452 = 520-3, 0-453 = 530-2, 0-354 = 540-2, 

where 

7 := (2, 6)(3, 8, 16, 10, 4, 22)(5, 23, 21)(7, 11, 12, 24, 18, 13)(9, 17)(14, 15, 19). 

Also, we compute that 0-37 = s^q . Now, we define W := C - span of 
{51"^, 52^^,53^, 54^}, where v £ V — 0. Hence, it is straightforward to check 
that VK is a braided vector subspace of M{Osj^(, , p) of Cartan type whose asso- 
ciated Cartan matrix is given by ()2.1ip . By Theorem 11.21 dim!B(OsjQ,p) = 

00. 

CASE: J = 11. We compute that Mgf ~ M^l^ . This implies that this 
case is analogous to the previous case, since Osn — Os^q as racks. 

CASE: J = 8. The representative ss is 

(1, 22, 11, 16)(2, 8, 14, 17)(3, 23, 24, 6)(4, 21, 12, 13)(5, 15, 19, 9)(7, 18, 20, 10), 

it has order 4 and it is real. We compute that the centralizer M24 is a 
non-abelian group of order 96 whose character table is given by Table [TH 

For every k, 1 < k < 20, we call pk = {pk,Vk) the irreducible representa- 
tion of M24 whose character is pk ■ We compute that sg € ©20^* • 

From Table [HI we have that if /c 7^ 2, 3, 10, 13, 14, then qsgss ¥" ~^ ^^'^ 
dim*B(Osg,/9fc) = 00, by Lemma [L3l On the other hand, we compute that 
Osg n M24 has 32 elements and it contains 

CTi := (1, 2, 11, 14)(3, 18, 9, 13)(4, 23, 20, 5)(6, 7, 19, 12)(8, 16, 17, 22)(10, 15, 21, 24), 
a2 := (1, 2, 11, 14)(3, 21, 9, 10)(4, 19, 20, 6)(5, 7, 23, 12)(8, 16, 17, 22)(13, 15, 18, 24), 
CT5 := (1, 16, 11, 22)(2, 17, 14, 8)(3, 5, 24, 19)(4, 10, 12, 18)(6, 9, 23, 15)(7, 13, 20, 21), 

0-3 := o-^ , 0-4 := o-f , o-g := Sg , 0-7 := a^ and ag := ss- We choose in M24 



51 

52 

53 
56 
57 



(2, 16, 14, 22)(3, 9, 15, 24)(4, 7)(5, 21, 19, 10)(6, 18, 23, 13)(8, 17), 
(2, 16, 14, 22)(4, 12, 7, 20)(5, 13, 23, 21)(6, 10, 19, 18)(8, 17)(9, 24), 
(2, 22, 14, 16)(3, 9, 15, 24)(5, 13, 19, 18)(6, 10, 23, 21)(8, 17)(12, 20), 
(2, 14)(3, 4, 15, 7)(5, 18, 6, 21)(9, 20, 24, 12)(10, 23, 13, 19)(16, 22), 
(3, 4)(5, 13)(6, 10)(7, 15)(9, 20)(12, 24)(18, 23)(19, 21), 
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-1 


M3 




1 




-1 


-1 


-1 


-1 


-1 


-1 


-1 


1 


1 












-1 


-1 


-1 


M4 




-1 




1 


-1 


1 


-1 


-1 


1 


-1 


1 


-1 




-1 


-1 






1 


1 


1 


MS 




-1 




-i 


i 




-i 


-i 


-i 


i 


1 


-1 


-1 






-1 


-1 


i 


-i 




Me 




1 




-i 


-i 




i 


i 


-i 


-i 


1 


1 


-1 


-1 


-1 


-1 


-1 


i 


-i 




M7 




-1 




i 


-i 




i 


i 


i 


-i 


1 


-1 








-1 


-1 


-i 


i 




M8 




1 




i 


i 




-i 


-i 


i 


i 


1 


1 




-1 


-1 




-1 


-i 


i 




M9 


2 





2 


2 





-1 








-1 





-1 





-1 








2 


2 


2 


2 


2 


Mio 


2 





2 


-2 





1 








1 





-1 





-1 








2 


2 


-2 


-2 


-2 


Mil 


2 





2 


-2i 





-i 








i 





-1 













-2 


-2 


2i 


-2i 


2i 


M12 


2 





2 


2i 





i 








-i 





-1 













-2 


-2 


-2i 


2i 


-2i 


M13 


3 


-1 


-1 


1 


-1 





1 


-1 





1 





1 







-1 


-1 


3 


1 


-3 


-3 


M14 


3 


1 


-1 


1 


1 





-1 


1 





-1 





-1 





-1 




-1 


3 


1 


-3 


-3 


M15 


3 


-1 


-1 


-1 


1 





-1 


1 





-1 





1 







-1 


-1 


3 


-1 


3 


3 


Ml6 


3 


1 


-1 


-1 


-1 





1 


-1 





1 





-1 





-1 




-1 


3 


-1 


3 


3 


M17 


3 


-1 


-1 


i 


-i 





-i 


i 





i 





1 





-1 






-3 


-i 


-3i 


3i 


Mis 


3 


1 


-1 


i 


i 





i 


-i 





-i 





-1 







-1 




-3 


-i 


-3i 


3i 


Ml9 


3 


-1 


-1 


-i 


i 





i 


-i 





-i 





1 





-1 






-3 


i 


3i 


-3i 


M20 


3 


1 


-1 


-i 


-i 





-i 


i 





i 





-1 







-1 




-3 


i 


3i 


-3i 



Table 14. Character table of M2I. 



94 '■= 92 ) 55 •= 92 ^^^ 9s '■= id- We compute that these elements satisfy 
f^k9l = 9nk,l, where -fk,k = sg, ■Jk,8 = crk, I < k < 8, 73,1 = 0-3, 73,2 = 0-4, 
78,3 = o"i, 78,4 = 0-2, 78,5 = cr^, 73,6 = ctq, 78,7 = aj, and 



71,2 = 0-7, 71,3 



72,1 = 0"7, 
73,1 = 0-5, 

74,1 = 0-6, 
75,1 = 0-1, 
76,1 = 0-2, 
77,1 = 0-4, 



72,3 

73,2 
74,2 
75,2 
76,2 
77,2 



0-5, 
0"6, 
0"6, 



71,4 
72,4 
73,4 



0"5, 74,3 

0"2, 75,3 

0"1, 76,3 

0"3, 77,3 



0"6, 
0"5, 
0-7, 
0-7, 
0-3, 
<T4, 

0-2, 



71,5 
72,5 
73,5 
74,5 
75,4 
76,4 
77,4 



0"3, 71,6 
0"4, 72,6 



-71, 
0-2, 
(74, 

-73, 
O-l, 



73,6 
74,6 
75,6 
76,5 
77,5 



0"3, 71,7 = 0-1, 

0"4, 72,7 = 0-2, 

o"i, 73,7 = 0-3, 

0"2, 74,7 = 0-4, 

0"7, 75,7 = 0-6, 

0"7, 76,7 = 0-5, 

0"6, 77,6 = 0-5. 



Assume that k = 10, 13 or 14; thus, Qsgss = ~1- We check case by 
case that always we can construct a braided vector subspace of M{Osg, Pk) 
of diagonal type whose generalized Dynkin diagram contains an r-cycle 
with r > 3 or a vertex with valency greater than 3. By Lemma 11.51 
dim!B(C'sg,Pfc) = oo. 

Finally, assume that A; = 2 or 3. Thus, qs^s^ = — 1 and we compute that 
p(7i,i7t,i) = 1) for every 1 < i < 32. By Lemma fLSl the braiding is negative. 
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CASE: j = 7. The representative is 

S7 = (1, 18, 11, 16)(3, 6, 8, 20)(7, 22, 14, 19)(9, 15)(10, 23, 12, 21)(17, 24), 

it has order 4 and it is real. We compute that the centrahzer M2I is a 
non-abelian group of order 128. 

Let p = ip,V) e M^l- We will prove that the Nichols algebra ^{Osj,p) 
is infinite-dimensional. If qs^sr 7^ ~1) then the result follows from Lemma 
11.31 Assume that Qs^s^ = — 1 ■ We compute that Og^ n M24 has 40 elements 
and it contains 

ai := (2, 4, 13, 5)(3, 8)(6, 20)(7, 19, 14, 22)(9, 17, 15, 24)(10, 23, 12, 21), 
as := (1, 16, 11, 18)(2, 5, 13, 4)(3, 6, 8, 20)(9, 17, 15, 24)(10, 12)(21, 23), 

(72 := a I and (T4 := a^ . These elements commute each other and uius = 
s^ ■ Now, we choose 



91 

92 

93 

94 



(1, 2, 18, 4, 11, 13, 16, 5)(3, 9, 20, 24, 8, 15, 6, 17)(10, 21, 12, 23)(19, 22), 
(1, 2, 11, 13)(3, 9, 8, 15)(4, 18, 5, 16)(6, 24, 20, 17)(10, 23)(12, 21), 
(2, 19, 4, 14, 13, 22, 5, 7)(3, 6, 8, 20)(9, 23, 17, 12, 15, 21, 24, 10)(16, 18), 
(2, 14, 13, 7)(3, 6)(4, 19, 5, 22)(8, 20)(9, 10, 15, 12)(17, 21, 24, 23). 



These elements are in M24 and they satisfy 

cri9i = 91S7, cri92 = 923^^, oig^ = g^oi, (115(4 = 540-2, 

0-251 = SlSf \ 0-252 = 5257, ^-253 = 53(12, (7254 = 54^-1, 

0-351 = 51O-3, 0-352 = 52O-4, 0-353 = 53S7, 0-354 = 54Sf \ 

0-451 = 510-4, 0-452 = 520-3, 0-453 = 53sf \ 0-454 = 54S7. 

We define W := C- span oi {giv , g2V , g^^v ^ g^v} , where v G V — Q. Hence, it is 
straightforward to check that P^ is a braided vector subspace of M[Os-j,p) of 
Cartan type whose associated Cartan matrix is given by (j2.1ip . By Theorem 
W?2[ dim«B(C'^,,p) = 00. 

CASE: j = 6. The representative sq is 
(1, 9, 20, 17)(2, 6)(3, 10)(4, 8)(5, 24, 19, 7)(11, 14, 18, 23)(12, 21, 13, 15)(16, 22) 

and it is real. We compute that M|| is a non-abelian group of order 384 
whose character table is given by Tables [15] and [TBI 

For every k, 1 < k < 26, we call pk = {pk,Vk) the irreducible represen- 
tation of M2I whose character is pk- We compute that sg G 023^* ■ Fi'om 
Tables [Island [TBI we have that if /c / 2, 3, 5, 9, 10, 13, 14, 15, 16, 24, then 
Qsese / ~1 s-i^d dim!B(C'sg,/9fc) = 00, by Lemma [L3l 
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k 


1 


2 


3 


4 


5 


6 


7 


8 


9 


10 


11 


12 


13 


\yk\ 


1 


3 


2 


2 


4 


2 


2 


6 


4 


4 


4 


2 


4 


Ml 


1 


1 


1 






1 


1 




1 


1 






1 


tJ-2 


1 


1 


1 


-1 


-1 


1 


1 




1 


-1 


-1 


-1 


1 


tJ-3 


1 


1 


1 






1 


1 




1 


1 






-1 


M4 


1 


1 


1 


-1 


-1 


1 


1 




1 


-1 


-1 


-1 


-1 


Ms 


2 


-1 


2 






2 


2 


-1 


2 












M6 


2 


-1 


2 






2 


2 




2 












MT 


3 





-1 


-1 




3 


-1 





-1 


-1 




-1 


-1 


Ms 


3 





-1 




-1 


3 


-1 





-1 


1 


-1 




1 


Ms 


3 





-1 


-1 




3 


-1 





-1 


-1 




-1 


1 


MlO 


3 





-1 




-1 


3 


-1 





-1 


1 


-1 




-1 


Mil 


3 





3 






-1 


-1 





-1 


-1 


-1 




1 


M12 


3 





-1 




-1 


-1 


3 





-1 


-1 






1 


M13 


3 





-1 


-1 




-1 


3 





-1 


1 


-1 


-1 


1 


M14 


3 





-1 




-1 


-1 


3 





-1 


-1 






-1 


Mis 


3 





3 


-1 


-1 


-1 


-1 





-1 


1 




-1 


1 


Ml6 


3 





3 






-1 


-1 





-1 


-1 


-1 




-1 


M17 


3 





-1 


-1 




-1 


3 





-1 


1 


-1 


-1 


-1 


M18 


3 





3 


-1 


-1 


-1 


-1 





-1 


1 




-1 


-1 


Ml9 


4 


1 





2 











-1 











-2 


2i 


M20 


4 


1 





-2 











-1 











2 


-2i 


M21 


4 


1 





_2 











-1 











2 


2i 


M22 


4 


1 





2 











-1 











-2 


-2i 


M23 


6 





-2 








-2 


-2 





2 














M24 


6 





-2 








-2 


-2 





2 














M2S 


8 


-1 

















1 

















M26 


8 


-1 

















1 


















Table 15. Character table of M^l (i). 



We compute that Ogg D M2I has 80 elements and it contains 

cTi : = (1, 7)(2, 4, 3, 16)(5, 9)(6, 8, 10, 22)(11, 14, 18, 23)(12, 15, 13, 21)(17, 19)(20, 24), 
0-4 : = (1, 9, 20, 17)(2, 10)(3, 6)(4, 22)(5, 24, 19, 7)(8, 16)(11, 23, 18, 14)(12, 15, 13, 21), 
aj : = (1, 24)(2, 4, 3, 16)(5, 17)(6, 8, 10, 22)(7, 20)(9, 19)(11, 23, 18, 14)(12, 21, 13, 15), 

0"2 := o'l , <73 := sq, (T5 := Sq a^ := aj and (Tg := (Tj . We compute that 
o'l, (T2, (J7, as G Cir^" , 0-4, cTe G £'24^'* ^^"^ ^6 ^ ^25^" • We choose in M24 

gi := (1, 2, 17, 16)(3, 9, 4, 20)(5, 8, 24, 10)(6, 19, 22, 7)(11, 12, 23, 21)(13, 14, 15, 18), 

34 := (2, 4)(3, 16)(6, 22)(8, 10)(11, 14)(12, 21)(13, 15)(18, 23), 

ff5 := (2, 10)(3, 6)(4, 22)(7, 24)(8, 16)(9, 17)(14, 23)(15, 21), 

37 := (1, 2, 24, 10, 20, 3, 7, 6)(4, 5, 8, 17, 16, 19, 22, 9)(12, 15, 13, 21)(14, 23), 

92. ■= id, 52 := 9195, 96 ■= 9^95 and gg := 9795- We compute that these 
elements satisfy ak9i = 9nk,i, where -fk,k = sq, 7^,3 = o"/,-, 1 < A; < 8, 

73,1 = Cr2, 73,2 = CTS, 73,4 = (^4, 73,5 = CTS, 73,6 = (^6, 73,7 = (^2, 73,8 = 0-8, 
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k 


14 


15 


16 


17 


18 


19 


20 


21 


22 


23 


24 


25 


26 


h/fc 


4 


4 


4 


4 


12 


4 


12 


2 


4 


4 


4 


4 


2 


Ml 


1 


1 


1 


1 


1 


1 






1 


1 


1 


1 


1 


M2 


1 


1 


1 


1 


-1 


-1 




-1 


-1 


-1 


-1 


-1 


1 


M3 


-1 


-1 


-1 


-1 


-1 


-1 




-1 


-1 


-1 


-1 


-1 


1 


fii 


-1 


-1 


-1 


-1 


1 


1 






1 


1 


1 


1 


1 


M5 














1 


-2 




-2 


-2 


_2 


-2 


-2 


2 


M6 














-1 


2 






2 


2 


2 


2 


2 


M7 


-1 


-1 


1 


1 





3 





-1 


-1 


3 


-1 


3 


3 


MS 


1 


1 


-1 


-1 





3 





-1 


-1 


3 


-1 


3 


3 


M9 


1 


1 


-1 


-1 





-3 







1 


-3 


1 


-3 


3 


Mio 


-1 


-1 


1 


1 





-3 







1 


-3 


1 


-3 


3 


Mil 


-1 


1 


-1 


1 





-1 





-1 


-1 


3 


3 


3 


3 


^12 


-1 


1 


1 


-1 





-1 





-1 


3 


3 


-1 


3 


3 


M13 


-1 


1 


1 


-1 












-3 


-3 


1 


-3 


3 


M14 


1 


-1 


-1 


1 












-3 


-3 


1 


-3 


3 


M15 


-1 


1 


-1 


1 












1 


-3 


-3 


-3 


3 


M16 


1 


-1 


1 


-1 












1 


-3 


-3 


-3 


3 


A«17 


1 


-1 


-1 


1 





-1 





-1 


3 


3 


-1 


3 


3 


Mis 


1 


-1 


1 


-1 





-1 





-1 


-1 


3 


3 


3 


3 


Ml9 





-2i 








i 





-i 








-4i 





4i 


-4 


M20 





2i 








i 





-i 








-4i 





4i 


-4 


M21 





-2i 








-i 













4i 





-4i 


-4 


M22 





2i 








-i 













4i 





-4i 


-4 


M23 

















-2 





2 


-2 


6 


-2 


6 


6 


M21 

















2 





-2 


2 


-6 


2 


-6 


6 


M25 














-i 





i 








-8i 





8i 


-8 


M26 














i 





-i 








8i 





-8i 


-8 



Table 16. Character table of M^^ (ii). 



'24 



and 



71,2 = CTs, 71,4 = £72, 71,5 = CTy 

72,1 = <75, 72,4 = 0'1, 72,5 = <78 

74,1 = <78, 74,2 = 0-2, 74,5 = (^6 

75,1 = 0-1, 75,2 = (Ty, 75,4 = 0-6 

76,1 = 177, 76,2 = 0"1, 76,4 = 0-5 

77,1 = 0-4, 77,2 = O-Q, 77,4 = OS 

78,1 = <76, 78,2 = 0-4, 78,4 = (^7 



71,6 = 0-8, 71,7 = 0-4, 71,8 = 0-6, 

72,6 = 0-7, 72,7 = 0-6, 72,8 = 0-4, 

74,6 = 0-5, 74,7 = 0-8, 74,8 = 0-2, 

75,6 = 0-4, 75,7 = 0-1, 75,8=0-7, 

76,5 = 0-4, 76,7 = 0-7, 76,8 = 0-1, 

77,5 = 0-1, 77,6 = 0-2, 77,5 = 0-5, 

78,5 = 0-2, 78,6 = 0-1, 78,7 = 0-5. 



Assume that k = 5, 9, 10, 13, 14, 15, 16 or 24; thus, g^gsg = -1. We 
check case by case that always we can construct a braided vector subspace 
of M{Ose,Pk) of diagonal type whose generalized Dynkin diagram contains 
an r-cycle with r > 3 or a vertex with valency greater than 3. By Lemma 
TMdim^{Os„Pk) = oo. 
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k 


1 


2 


3 


4 


5 


6 


7 


8 


9 


10 


11 


12 


13 


14 


15 


\Vk\ 


1 


2 


3 


4 


7 


7 


6 


2 


2 


4 


4 


2 


4 


4 


6 


Ml 


1 


1 


1 




1 


1 


1 


1 


1 




1 


1 


1 


1 


1 


M2 


3 


-1 







A 


A' 





-1 


3 




-1 


3 


-1 


-1 





^3 


3 


-1 







A' 


A 





-1 


3 




-1 


3 


-1 


-1 





fii 


6 


2 







-1 


-1 





2 


6 




2 


6 


2 


2 





M5 


7 


-1 


1 


-1 








-1 


3 


-1 




-1 


7 


-1 


-1 


1 


M6 


7 


3 


1 










1 


3 


7 




3 


-1 


-1 


-1 


1 


/i7 


7 


-1 


1 


-1 








1 


-1 


7 


-1 


-1 


7 


-1 


-1 


1 


MS 


7 


3 


1 










-1 


-1 


-1 


-1 


-1 


7 


3 


3 


1 


M9 


7 


-1 


1 


-1 








1 


-1 


7 


-1 


-1 


-1 


-1 


3 


1 


MlO 


8 





-1 





1 


1 


-1 





8 








8 








-1 


Mil 


8 





2 





1 


1 





4 





2 














-2 


^12 


14 


2 


-1 











1 


2 


-2 





-2 


14 


2 


2 


-1 


Ml3 


14 


2 


-1 











-1 


2 


14 





2 


-2 


-2 


2 


-1 


M14 


21 


1 
















5 


-3 




-3 


-3 


1 


-3 





M15 


21 


-3 
















1 


-3 




1 


21 


-3 


-3 





M16 


21 


1 





-1 











1 


21 


-1 


1 


-3 


1 


-3 





M17 


21 


1 





-1 











-3 


-3 




1 


-3 


-3 


5 





Mis 


21 


-3 
















1 


-3 


-1 


1 


-3 


1 


1 





Ml9 


21 


5 
















1 


-3 


-1 


-3 


-3 


-3 


1 





M20 


21 


1 
















-3 


-3 




1 


21 


1 


1 





M21 


21 


-3 
















-3 


21 




-3 


-3 


1 


1 





M22 


24 











A' 


A 





-4 





2 

















M23 


24 











A 


A' 





-4 





2 

















M24 


28 


-4 


1 











-1 


4 


-4 








-4 





4 


1 


M25 


28 


4 


1 











-1 


-4 


-4 








-4 





-4 


1 


M26 


42 


-2 

















-2 


-6 





2 


-6 


2 


-2 





M27 


48 











-1 


-1 





8 























M2S 


56 





-1 











1 





-8 








-8 








-1 


M29 


56 





2 














-4 





-2 














_2 


M30 


64 





_2 





1 


1 


























2 



Table 17. Character table of M2I (i). 



Finally, assume that A; = 2 or 3. Thus, Qsese — ~^ s-'^d we compute that 
p(7i,t7t,i) = 1) for every 1 < t < 80. By Lemma flTSl the braiding is negative. 

CASE: j = 2. The representative is 

S2 = (1, 20)(5, 19)(7, 24)(9, 17)(11, 18)(12, 13)(14, 23)(15, 21). 

We compute that the centralizer Mgl is a non-abelian group of order 21504 
whose character table is given by Tables [T71 and \T8\ where A = (— l + i\/7)/2. 
For every k, 1 < k < 30, we call pk = {pk, Vk) the irreducible representa- 
tion of M2I whose character is pk- We will prove that the Nichols algebra 
53(Os2'Pfe) is infinite-dimensional, for every k, 1 < k < 30. We compute 
that S2 G O^q"^ .Ifk^ 11, 22, 23, 27, 29, 30, then the result follows from 
Lemma 11.31 because qs2S2 ¥" ~^- Assume that k = 11, 22, 23, 27, 29 or 30; 
thus, qs2S2 = ~1- From Tables [TTl and [TSl we have that 8 < deg{pk) even. 
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k 


16 


17 


18 


19 


20 


21 


22 


23 


24 


25 


26 


27 


28 


29 


30 


\yk\ 


8 


14 


6 


14 


4 


2 


2 


4 


12 


4 


4 


4 


2 


4 


2 


p-i 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


tJ-2 


1 


A 





A' 


-1 


3 


-1 


1 





1 


-1 


-1 


-1 


3 


3 


tJ-3 


1 


A' 





A 


-1 


3 


-1 


1 





1 


-1 


-1 


-1 


3 


3 


M4 





-1 





-1 


2 


6 


2 











2 


2 


2 


6 


6 


Ms 


-1 





1 





3 


-1 


3 


1 


-1 


1 


-1 


-1 


3 


-1 


7 


A»6 


-1 





-1 





-1 


-1 


3 


-1 


-1 


1 


-1 


-1 


-1 


-1 


7 


M7 


-1 





1 





-1 


7 


-1 


-1 




-1 


-1 


-1 


-1 


7 


7 


fJ-s 


1 





1 





-1 


-1 


-1 


-1 


-1 


-1 


-1 


-1 


-1 


-1 


7 


tJ.9 


1 





-1 





-1 


-1 


-1 


1 


-1 


-1 


-1 


3 


3 


-1 


7 


Mio 





1 


-1 


1 





8 








-1 














8 


8 


Mil 





-1 





-1 








-4 







-2 














-8 


M12 








-1 





2 


-2 


2 










-2 


-2 


2 


-2 


14 


M13 








1 





-2 


-2 


2 










-2 


2 


2 


-2 


14 


M14 


1 











-3 


5 


5 


-1 





1 




1 


1 


-3 


21 


M15 


1 











1 


-3 


1 


-1 





-1 




1 


1 


-3 


21 


Ml6 


1 











1 


-3 


1 


1 





-1 




-3 


-3 


-3 


21 


M17 


1 











1 


5 


-3 


-1 





1 




-3 


1 


-3 


21 


M18 


-1 











-3 


5 


1 


1 





-1 




-3 


5 


-3 


21 


Ml9 


-1 











1 


5 


1 


1 





-1 




1 


-3 


-3 


21 


M20 


-1 











-3 


-3 


-3 


1 





1 




1 


-3 


-3 


21 


M21 


-1 











1 


-3 


-3 


-1 





1 




1 


1 


-3 


21 


M22 





-A' 





-A 








4 








_2 














-24 


M23 





-A 





-A^ 








4 








-2 














-24 


M24 








-1 








-4 


4 





1 











-4 


4 


28 


M25 








-1 








-4 


-4 





1 











4 


4 


28 


/i26 














2 


10 


-2 











-2 


2 


-2 


-6 


42 


M27 





1 





1 








-8 























-48 


M28 








1 








-8 








-1 














8 


56 


M29 




















4 








2 














-56 


M30 





-1 





-1 
































-64 



Table 18. Character table oi M^^ (ii). 



'24 



We compute that Os2 H M2I has 281 elements and it contains ai := S2 and 



0-2 : = 



(2, 16)(3, 4)(5, 19)(6, 22)(7, 24)(8, 10)(11, 18)(14, 23), 



with (72 G Og 



92 



m: 



"^^ We choose g\ := id and 
(1, 2)(3, 13, 22, 17, 10, 15)(4, 12, 6, 9, 8, 21)(5, 11, 7)(16, 20)(18, 24, 19). 



These elements are in M24 and they satisfy o\g\ = giai, a2gi = gio'2, o'i5'2 = 
g20'2 and cr2g2 = 92<^i- Since ai and cj2 commute there exists a basis {u; | 1 < 
I < deg(pfc)} of Vfc, the vector space affording p^, composed by simultaneous 
eigenvectors of Pki^^i) = — Id and Pk{o'2)- Let us call Pk{o'2)vi = Xivi, 
I < I < deg{pk), where A; = ±1, due to \a2\ = 2. From Table [T71 we 



have that Y^ 



dcg{Pfc) 



;=i 



A; 



A 



dcg{Pfc)/2 



1 



to check that if W 



- 0. Reordering the basis we can suppose that Ai = 
-Ai-(-dcg(pfc)/2 = • • • = -Xdcgipk)- It is straightforward 
C - span of {givi,g2vi | 1 < / < deg(pA;)}, then W 
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k 


1 


2 


3 


4 


5 


6 


7 


8 


9 


10 


11 


12 


13 


14 


15 


lyfcl 


1 


5 


10 


10 


10 


3 


6 


12 


6 


6 


2 


4 


8 


8 


4 


Ml 


1 


1 


1 


1 


1 












1 


1 


1 


1 


1 


/^2 


1 


1 


1 


1 


1 








-1 




1 


1 


-1 


-1 


1 


Ms 


4 


-1 


-1 


-1 


-1 












4 














M4 


4 


-1 


-1 


-1 


-1 








-1 




4 














M5 


5 














-1 


-1 






-1 


5 


1 


-1 


-1 


1 


/J6 


5 














-1 


-1 




-1 


-1 


5 


1 


1 


1 


1 


M7 


6 


1 


1 


1 


1 

















6 


-2 








-2 


Ms 


6 


1 


1 


-1 


-1 

















-2 


2 








-2 


Ms 


6 


1 


1 


-1 


-1 

















-2 


2 








-2 


Alio 


6 


1 


1 


-1 


-1 

















-2 


-2 


2i 


-2i 


2 


Mil 


6 


1 


1 


-1 


-1 

















-2 


-2 


-2i 


2i 


2 


Ml2 


10 














1 


1 


-1 


1 


-1 


2 


2 








-2 


M13 


10 














1 


1 


1 


-1 


-1 


2 


2 








-2 


M14 


10 














1 


1 


-1 


1 


-1 


2 


-2 








2 


Mis 


10 














1 


1 


1 


-1 


-1 


2 


-2 








2 


M16 


12 


2 


_2 























4 














M17 


12 


2 


-2 























4 














M18 


15 





























-1 


-1 


-1 


-1 


-1 


Ml9 


15 





























-1 


3 


1 


1 


3 


M20 


15 





























-1 


3 


-1 


-1 


3 


M21 


15 





























-1 


-1 


1 


1 


-1 


M22 


20 














-1 


-1 


-1 


1 


1 


4 














M23 


20 














-1 


-1 


1 


-1 


1 


4 














M24 


20 














2 


-2 











-4 














M25 


20 














2 


-2 











-4 














M26 


24 


-1 


-1 


1 


1 

















-8 














M27 


24 


-1 


1 


A 


-A 

















8 














M28 


24 


-1 


1 


-A 


A 

















8 














M29 


30 





























_2 


-2 








-2 


M30 


40 














-2 


2 











-8 















Table 19. Character table of M^^ (i). 



^24 



is a braided vector subspace of M{Os2,p) °f Cartan type whose associated 
Cartan matrix A has at least two row with three —1 or more. This means 
that the corresponding Dynkin diagram has at least two vertices with three 
edges or more; thus, A is not of finite type. Hence, diin^{Os2, Pk) = oo. 
CASE: J = 3. The representative S3 is 

(1, 11)(2, 23)(3, 7)(4, 13)(5, 6)(8, 18)(9, 16)(10, 15)(12, 24)(14, 17)(19, 21)(20, 22). 



We compute that the centralizer M2I is a non-abelian group of order 7680 
whose character table is given by Tables [T9l and [20l where A = — iyS. 

For every k, 1 < k < 30, we call pk = {pk, Vk) the irreducible representa- 
tion of M24 whose character is pk- We will prove that the Nichols algebra 
53(0^3, Pfc) is infinite-dimensional, for every k, 1 < k < 30. We compute 
that S3 G ©("^^ . Now, if fc / 16, 17, 24, 25, 27, 28, 30, then the result 
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k 


16 


17 


18 


19 


20 


21 


22 


23 


24 


25 


26 


27 


28 


29 


30 


\Vk\ 


4 


2 


4 


2 


4 


2 


4 


4 


2 


2 


4 


2 


4 


2 


2 


Ml 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


M2 


-1 


1 


-1 


1 


-1 


1 


1 


1 


1 


1 


-1 


1 


-1 


1 


-1 


M3 


-2 


4 


-2 


4 


-2 


4 








4 

















-2 


fii 


2 


4 


2 


4 


2 


4 








4 

















2 


M5 


1 


5 


1 


5 


1 


5 


1 


1 


5 


1 


-1 


1 


-1 


1 


1 


Me 


-1 


5 


-1 


5 


-1 


5 


1 


1 


5 


1 


1 


1 


1 


1 


-1 


/i7 





6 





6 





6 


-2 


-2 


6 


-2 





-2 





-2 





Ms 





6 





-2 





2 








-6 


2 


2 


2 


-2 


-2 





M9 





6 





_2 





2 








-6 


2 


-2 


2 


2 


-2 





MlO 





6 





-2 





2 








-6 


-2 





-2 





2 





Mil 





6 





-2 





2 








-6 


-2 





-2 





2 





M12 


2 


10 


2 


2 


-2 


-2 








-10 


-2 





-2 





2 


-2 


M13 


-2 


10 


-2 


2 


2 


-2 








-10 


-2 





-2 





2 


2 


M14 





10 


-4 


2 





-2 








-10 


2 





2 





-2 


4 


M15 





10 


4 


2 





-2 








-10 


2 





2 





-2 


-4 


M16 





-12 





-4 








2 


-2 





4 





-4 











M17 





-12 





-4 








-2 


2 





-4 





4 











Mis 


-1 


15 


3 


-1 


-1 


-1 


-1 


-1 


15 


3 


1 


3 


1 


3 


3 


Ml9 


-1 


15 


3 


-1 


-1 


-1 


-1 


-1 


15 


-1 


-1 


-1 


-1 


-1 


3 


M20 


1 


15 


-3 


-1 


1 


-1 


-1 


-1 


15 


-1 


1 


-1 


1 


-1 


-3 


M21 


1 


15 


-3 


-1 


1 


-1 


-1 


-1 


15 


3 


-1 


3 


-1 


3 


-3 


M22 


-2 


20 


2 


4 


2 


-4 








-20 

















-2 


M23 


2 


20 


-2 


4 


-2 


-4 








-20 

















2 


M24 





-20 





4 








-2 


2 





4 





-4 











M25 





-20 





4 








2 


-2 





-4 





4 











M26 





24 





-8 





8 








-24 




















M27 





-24 





-8 



































M2S 





-24 





-8 



































M29 





30 





_2 





-2 


2 


2 


30 


-2 





_2 





-2 





M30 





-40 





8 




































Table 20. Character table of M^^ (ii). 



'24 



follows from Lemma [L3| because Qs-jsa 7^ —1- Assume that k = 16, 17, 24, 
25, 27, 28 or 30; thus, 9^353 = -1- We compute that Os^ n M^'l has 278 
elements and it contains cji := S3 and 

£72 := (1, 5)(2, 10)(3, 12)(4, 8)(6, 11)(7, 24)(9, 19)(13, 18)(14, 22)(15, 23) 
(16,21)(17,20), 



with 0-2 G Ogo"'' 



We choose gi := id and 
§2 := (5, 11)(7, 12)(8, 13)(9, 20)(10, 23)(14, 21)(16, 17)(19, 22). 



These elements are in M24 and they satisfy aigi = giai, a2gi = gi(T2, 
(^192 = 520-2 and 0-252 = 520-1. Since 12 < deg(pfc) even and /ifc(C'3o^*) = 0, 
for k = 16, 17, 24, 25, 27, 28 or 30, we can proceed as in the previous case. 
Therefore, dim^^Og^, Pk) = co, for all k. D 
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Remark 2.10. We compute that M^l, M^l M^l, M^l, M|f , M^l\ M^f and 
M24^ have 17, 18, 26, 20, 15, 15, 21 and 21 conjugacy classes, respectively. 
Hence, there are 502 possible pairs {0,p) for M24; 492 of them have infinite- 
dimensional Nichols algebras, and 10 have negative braiding. 

3. Using techniques based on non-abelian subracks 

In the previous section, we discard the pairs (O, p) with dim *B(0, p) = 00 
by mean of abelian subracks of O. As a result, we showed that remain 23 
pairs which give rise to a braided vector spaces with negative braiding. 
In this section, we consider these 23 remained pairs (O, p) and show that 
16 of them lead to infinite-dimensional Nichols algebras using non-abelian 
subracks of O - see Subsection 11.31 

3.1. The group Mn. We have 5 remained cases. 

CASE: j = 10. We choose in O^jq the following elements: ctq := sio, 
CTi := (1,6, 8)(2, 5,3,4, 10,9)(7, 11) and a"2 := (Tq > ai. It is easy to see that 
the family (o-j)igZ3 is of type P3 in O^^g. Then dim 03(0^10, X(-i)) = 00, by 
Lemma 11.91 with p = 3. 

3.2. The group M12. We have 4 remained cases. 

CASE: j = 14. We choose in Os^^ the following elements: cJi := S14, a2 := 
(1,3, 5, 11,4,8, 10, 12)(7, 9), 0-3 := a2>cri, a^ := ctsOcji, 0-5 := 0-4 oai, a^ := 
sf^ and Ti := af , 1 < I < 6. By straightforward computation we can check 
that the family (o-;)f=i U (r;),Li is of type D^^). Then, dim^{Os^^,X{~i)) = 
CO from Lemma ll.lll 

CASE: j = 5. We choose in Og^ the following elements: fxi := 55, a"2 := 
(1,4, 12, 7)(2, 6, 3, 8, 11,10,9,5), 0-3 := a2 OfXi, 0-4 := a3i>cri, 0-5 := ait>ai, 
0"6 := Sg and t; := af, 1 < / < 6. We can check that the family {(Ti)f^^ U 
i'''i)f=i is of type D'-^^ Then, dim!B(C'sg, X(-i)) = co from Lemma [1.111 

CASE: j = 2. We choose in 0^2 the following elements: o-q := 52, fi := 
(1, 2, 12, 11,8, 10) (3, 6, 9) (4, 5) and cr2 := ao>ai. It is easy to see that this 
family (cjj)jgZ3 is of type P3 in Os2- Then dim 03(0^2 5X(-i)) = 00 from 
Lemma 11.91 with p = 3. 

3.3. The group A/22. We have one remained case. We choose in O^^ the 
following elements: ai := S4, 

0-2 := (1, 5, 13, 10, 11, 7, 12, 22)(2, 9)(3, 21, 19, 15, 17, 18, 6, 8)(4, 14, 20, 16), 

(73 := (T2 l>o"i, (T4 := 0-3 ixTi, o"5 := (T4CXT1, (T6 := sj and r/ := af, I < I < 6. 
By straightforward computation we can check that the family (c;)f^]^U(r;)^^-^ 
is of type D^'^K Then, dim*B(Os4;X(-i)) = co from Lemma [1.111 

In view of Theorem 12.51 and the previous paragraph we can state the 
following result. 



POINTED HOPF ALGEBRAS: MATHIEU SIMPLE GROUPS 39 

Theorem 3.1. Any finite- dimensional complex pointed H op f algebra H with 
G{H) ~ M22 is necessarily isomorphic to the group algebra of M22- D 

3.4. The group M23. We have 3 remained cases. 

CASE: j = 9. We choose in Osq the fohowing elements: cJi := sg, 

0-2 := (1, 3, 5, 20, 10, 14, 13, 23)(2, 15, 7, 8)(4, 22, 12, 6, 17, 16, 21, 11)(9, 19), 

0-3 := 0-2 cTi, 0-4 := 0-3 t> cJi, 0-5 := 0-4 t> cJi, a^ := S(^^ and r; := af, 
1 < I < Q. We compute that the family {ai)f^^ U iTi)f^^ is of type D^^). 
Then, dim*B(Osg, X(-i)) = 00 from Lemma ll.lll 

3.5. The group Af24. We have 10 remained cases. 
CASE: j = 6. The representative sg is 

(1, 9, 20, 17)(2, 6)(3, 10)(4, 8)(5, 24, 19, 7)(11, 14, 18, 23)(12, 21, 13, 15)(16,22). 

We choose in O^g the following elements: ai := sq, 02 to be 

(1, 9, 20, 17)(2, 11)(3, 14)(4, 18)(5, 19, 7, 24)(6, 10, 8, 22)(12, 21, 15, 13)(16,23), 

(73 := (T2C>(7i, (74 := (731X71, (75 := (740(71, (76 := (720(73, T\ := g'^ , T2 := (7j , 

r3 := (7^ , r4 := (7^ , rs := (7^ and rg := (7f . By straightforward compu- 
tation we can check that the family {fyi)\^-i U {ji)\^y is of type D'•^^ Now, 

assume that p = p2fi or p^^; then go-icri = —1 because sq G C'23^'' • ^^ 
define c; := (3, 16)(5U2)(6, 8)(7, 15)(9, 17)(13, 19)(14, 23)(21, 24); we verify 

that 5 G M24 and that g > cri = ti . Also we compute that ti , ctq G ^24^* ■ 
Hence, from Table [TBI we have that p{cre) = p{ti) = pigcr^g) = —1. There- 
fore, dim 55(0^5, p) = 00, from Lemma ll.lOl 
CASE: j = 8. The representative sg is 

(1, 4, 24, 14)(2, 21, 15, 6)(3, 16, 8, 12)(5, 11, 23, 20)(7, 18, 17, 13)(9, 10, 22, 19). 
We choose in Osg the following elements: ao := sg, a\ to be 

(1, 2, 24, 15)(3, 5, 8, 23)(4, 19, 14, 10)(6, 22, 21, 9)(7, 16, 17, 12)(11, 13, 20, 18) 

and (72 := (7o > o\. We compute that ((7j)jeZ3 is a family of type P3 in O^s- 
Now, if /9 = p2,8 or /92,85 then Qo-qo-o — ~^i ^^^ dim*B(Osj^4,/o) = 00 by from 
Lemma 11.91 with p = 3. 

CASE: j = 14. The representative S14 is 

(2, 10, 4, 16, 20, 15, 6, 18)(3, 17, 11, 5, 7, 12, 21, 13)(9, 19)(14, 24, 23, 22). 

We choose in Og^^ the following elements: ai := S14, 

(72 := (2, 4, 18, 15, 20, 6, 16, 10)(3, 12, 13, 21, 7, 17, 5, 11)(8, 9)(14, 22, 24, 23), 

(^3 '■= <72l>cri, (74 := (731X71, (75 := (74>(7i, (76 := s'^4 and Ti := (7^ , 1 < / < 6. By 
straightforward computation we can check that the family {cri)f^^ U {Ti)f^^ is 
of type O^'^K Now, ii p = e(^X{-i) or sgn(8)X(-i)i then dim*B(C's^4,p) = cxd, 
from Lemma ll.lll 
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CASE: j = 17. The representative sn is 

(1, 9, 12, 10, 17, 14, 3, 23, 5, 21, 19, 13)(2, 18)(4, 8, 15, 20)(6, 16, 7, 24, 22, 11). 

We choose in O^^^ the following elements: o"i := sij, (T2 to be 

(1, 9, 13, 3, 17, 14, 10, 19, 5, 21, 23, 12)(2, 18)(4, 8, 20, 15)(6, 11, 7, 16, 22, 24), 

0"3 := cr2 > di, (T4 := CJ3 > cji, CJ5 := a^ > ai, erg := slj and r; := af, 1 < 
I < 6. We compute that the family {cri)f^^ U (T/)f^j^ is of type D^^). Then, 
dim !B (0^17, X(-i)) = c>o from Lemma ll. Ill 
CASE: j = 18. The representative sig is 

(1, 18, 20, 4, 17, 5, 24, 13, 11, 14, 7, 23)(2, 10, 16, 21, 22, 8, 15, 19, 12, 6, 9, 3). 

We choose in Os^g the following elements: ai := sis, o"2 to be 

(1, 2, 10, 14, 17, 22, 8, 18, 11, 12, 6, 5)(3, 15, 20, 4, 21, 9, 24, 13, 19, 16, 7, 23), 

0-3 := 0-2 cJi, 0-4 := as > ai, a^ := 0-4 i> ai, de := sjg and r/ := erf, 1 < 
I < 6. We compute that the family {(Ji)f^i U iTi)f^i is of type O^'^h Then, 
dimQ3(Cs^g, X(-i)) = 00 from Lemma [1.111 
CASE: j = 19. The representative sig is 

(1, 5, 20, 23, 19, 2, 18, 7, 17, 9, 21, 24, 6, 12)(3, 14, 8, 15, 13, 11, 16)(4, 22). 

We choose in Os^g the following elements: (Tq := sig, 

cJi := (1, 14, 20, 15, 19, 11, 18, 3, 17, 8, 21, 13, 6, 16)(2, 12, 7, 5, 9, 23, 24)(4, 10) 

and (T2 := ctq i>(Ti. We compute that (aj)jgZ3 is a family of type P3 in Os^g. 
Then dim53(Osi9i X(-i)) = 00, from Lemma ll.9( with p = 3 and A: = 9.. 

CASE: j = 20. The representative is S20 = s^g . Now, the family 
{a~^)i^z,s, with ai as in the case j = 19 above, is of type P3. Then 
dim !B (0^20 ) X(-i)) = c>o, from Lemma ll.9|, with p = 3 and k = 9. 

In view of Theorem 12.91 and the previous paragraph we can state the 
following result. 

Theorem 3.2. Any finite- dimensional complex pointed H op f algebra H with 
G{H) ~ M24 is necessarily isomorphic to the group algebra 0/M24. D 

Remark 3.3. In the 7 remained cases, that appear in Table [H we compute 
that there is no family of type D'^^ nor Pp, for any odd prime integer p, 
inside the respective conjugacy classes. Hence, in these cases we cannot 
decide whether the dimension of 03(0, p) is infinite or not with the methods 
available today. 
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